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We determined and fine-tuned the solids transport models appropriate for predicting the single-phase carrier fluid veloc-
ity to transport solid particles in conduits for horizontal, low concentration flow. A database with 538 experimental data
points was compiled. A literature review was performed to determine the data ranges, forces, and mechanisms used to
develop 44 models, and their velocity predictions were compared against the database using statistics. Using the dimen-
sionless forms of the models and the data, the model parameters were adjusted to improve their accuracy and identify
the dominant forces. At low concentrations: for liquid/solid flow from a bed of solids and gas/solid flow from the bottom
of pipelines, the particle weight, and inertial and viscous forces dominate; for gas/solid flow from a bed of solids, the
particle weight, and inertial, viscous, and adhesive forces play a role; and gaps exist in the data for large-diameter
pipes and high-density gases. VC 2013 American Institute of Chemical Engineers AIChE J, 60: 76–122, 2014
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Introduction

Solids transport models are used to predict the fluid veloc-
ity needed to transport solid particles in hydraulic and pneu-
matic systems. The study of solids transport has found
applications in many different fields, including pharmaceutical
industries,1 where dry powder inhalers are used to transport
drug particles through a breathing tube; geology,2 where geol-
ogists can study the transport of sediments to deduce the envi-
ronmental conditions of the past; civil engineering,3 where the
concept of solids transport is applied to the dredging of rivers;
sand management,4 where the goal is to prevent the deposition
of sand beds in pipelines; chemical processes,5 where deposits
need to be removed from heat exchangers; and meteorology,6

where the seasonal patterns of other planets, such as Mars,
can be determined based on the transport of dust particles
from one part of the planet to another.

In the chemical industry, the transport of solids is applied in
different areas, such as the recovery of solids from chemical
processes7 or the cleaning of deposits from the insides of

tubes.5 For instance, in slurry bubble column reactors,8 thor-
ough mixing of the catalyst powder in the liquid is required,
and several flow regimes exist that describe the homogeneity of
the mixture.9 Hence, it is important that the liquid carrying the
catalyst powder has the required flow rate to ensure that the
solution is well mixed. As another example, in heat exchangers,
fouling inside the tubes may occur, in which deposits from the
flowing fluid or the corrosion of the tube surface create an
accumulation of solid materials in the tube. “Clean-out oper-
ations” are needed to remove the accumulated solids, and the
fluid used for cleaning needs to have a flow rate such that the
solid deposits are swept from inside the tubes.10

Mixed-flow dryers are used in the agricultural industry to
dry grain, corn, and rice.11 To ensure uniform drying of the
solid particles, there needs to be even grain and air flow dis-
tributions, but small changes in grain properties or process
conditions can affect the quality of the grain. Therefore, the
optimal grain and air flow rates need to be quantified for
homogeneity in the drying process, and energy efficiency. In
addition, gas-solid transport in risers has found applications
in fluidized catalytic cracking in petrochemical industries,
coal combustion in utility industries, and pneumatic transport
of drug powders in pharmaceutical industries.12 Along a
riser, properties such as the solid holdup and velocity are
typically nonuniformly distributed depending on the
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operating condition, including the solid mass flux and the
gas velocity. Estimating the values of the solid holdup distri-
bution and velocity is required to determine the optimum
design of the riser for an efficient operation.

Natural gas productions require the removal of solids, as
the solids can interfere with the treating and dehydration proc-
esses.13 These solids are mostly mill scale and rust from the
pipe wall, and iron sulfide, and they can be removed in a
scrubber, filter, or filter-coalescer separator. For these solids to
reach the separator unit, the flow rate of the natural gas needs
to be maintained such that the solids do not accumulate in the
pipe. In addition, solid desiccant pellets are used for natural
gas dehydration.13 To ensure that the desiccants are working
properly, the flow rate of the natural gas should be sufficient
to transport the desiccants throughout the piping system. In
the oil field, the presence of solid particles, composed mainly
of sand, in the pipeline can be prevented by installing gravel
packs or screens as part of the “downhole sand exclusion sys-
tems.”14 For many reservoirs, the accumulation of sand par-
ticles in the pipe tends to occur at a later stage in the oil
production, and for prevention, options include installing a
downhole sand exclusion system in the well, or designing a
facility to manage the accumulation of the sand particles. The
latter option is often preferred due to the risk of loss of pro-
duction that arise after installing a downhole sand exclusion
system.14 The oil production system needs to be designed and
operated such that the fluid velocity is sufficient to prevent
the sand particles from settling to the bottom of the pipe.4

In the above-mentioned applications, among others, the
solid particles are transported by means of a working fluid,
where the fluid can be a liquid, a gas, or a mixture. Therefore,
it is important that the processes in these applications are
designed and operated at a sufficient fluid velocity to ensure
particle transport. Solids transport models are used to provide
a reasonable estimate for the minimum fluid velocity needed
to transport the particles. Due to the wide range of possible
operating conditions that exist, and the different possible
mechanisms for particle transport, many solids transport mod-
els were developed by different authors throughout the years.

The possible mechanisms for the initiation of particle
motion include rolling, sliding, and suspension (Figure 1a).6

The conditions to which the particles are exposed determine
the mechanisms responsible for starting the motion of the
particle. For instance, based on the results of laboratory
experiments, Ramadan et al.15 observed that in inclined
channels, the particles that form a bed at the bottom of the
conduit begin their movement by rolling. Stevenson et al.5

added that the shape of the particle affects the mechanisms
for particle transport. They concluded that for non-spherical
particles initially at rest at the bottom of a conduit, dragging,

rather than rolling, will occur. Cabrejos16 observed that solid
particles start their motion by sliding or rolling before being
lifted by the carrier fluid, and Hayden et al.1 considered par-
ticle pick-up to take place when the particles are entrained
in the carrier fluid, where vertical motion, or lifting, takes
place.

The size of the particle also affects the mechanisms for par-
ticle transport due to the presence of the boundary layer near
the surface at which the particles are lying.16 Figure 1b illus-
trates the effects of the particle size on the velocity profile to
which the particle is exposed. Smaller particles may lie within
the viscous sublayer, where the velocity profile of the carrier
fluid is linear, whereas larger particles are generally exposed
to the main turbulent stream, where the velocity profile of the
carrier fluid is nearly flat.16 For cases where the turbulence of
the carrier fluid plays a role, effects of the turbulent eddies on
particle transport need to be considered.17,18

Different definitions for the solids transport velocity are
also encountered in the literature due to the different mecha-
nisms that exist for solids transport. Furthermore, for some
instances, different velocity names were used to refer to the
same solids transport mechanism by different authors. This
article adopts the critical velocity definition of Oroskar and
Turian,17 the pick-up velocity definition of Hayden et al.,1

the incipient motion velocity definition of Rabinovich and
Kalman,19 the saltation velocity definition of Zenz,20 and the
equilibrium velocity definition of Gruesbeck et al.21 These
velocity definitions are depicted in Figure 2, and used con-
sistently to classify the experimental data, models, and find-
ings throughout the article. Oroskar and Turian17 describe
the critical velocity as the velocity that marks the transition
from the settling of solid particles at the bottom of the pipe
to the full suspension of the particles. This definition of criti-
cal velocity is illustrated in Figure 2. Initially, the solid par-
ticles are resting at the bottom of the pipe (marked “Initial
State” in Figure 2). When the fluid’s velocity reaches the
critical velocity, all the particles are lifted and transported
within the fluid (marked “Final State” in Figure 2). A similar
approach is used to illustrate the pick-up and incipient
motion velocity definitions in Figure 2, where the left
sketches show the initial positions of the particles in the car-
rier fluid, and the right sketches represent the final position
and distribution of the particles within the carrier fluid at the
transition velocity indicated on the right. The pick-up veloc-
ity defines the fluid velocity where particles initially at rest
begin their motion with the fluid,1 while the incipient motion
velocity represents the fluid velocity required to initiate the
movement of a single particle initially at rest at the bottom
of a conduit.19 As can be seen in Figure 2, the difference
between the pick-up velocity and the incipient motion

Figure 1. (a) Different solids transport mechanisms, and (b) effect of particle size on the velocity profile to which
the particle is exposed.
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velocity is the initial location of the particle in the pipe. For
the case of the incipient motion velocity, the pipe initially
contains a single particle resting at the bottom, whereas for
the case of the pick-up velocity, the particle is initially at
rest on a bed of solid particles. When solid particles are sus-
pended, the saltation velocity can be used to describe the
minimum fluid velocity for which the particles do not settle
to the bottom of the pipe.20 As depicted in Figure 2, the par-
ticles that are initially moving with the fluid will start to set-
tle to the bottom of the pipe when the fluid velocity falls
below the saltation velocity. The equilibrium velocity is
defined as the fluid velocity where the rate at which the par-
ticles are picked up by the fluid equals the rate at which the
particles settle to the bottom of the pipe.21 As shown in Fig-
ure 2, at the equilibrium velocity, while a particle is being
lifted by the fluid, another particle settles. Operating at or
below the saltation velocity will cause a bed of solids to
form at the bottom of the pipe that initially has no bed of
solids; whereas operating at the equilibrium velocity will
cause the pipe to have a bed of solids for which the height
is steady.

Given the different mechanisms the solids transport mod-
els consider, and the number of available models, it was
observed that for the same operating condition (i.e., inputs),
the velocity predictions generated by the models can differ
by several orders of magnitude. Therefore, it is important
that a practicing engineer is able to determine which models
provide accurate velocity predictions at a specific transport
mechanism for a given operating condition to design and
operate the relevant processes, such as the transport of sand
in oil and gas pipelines,22 the pneumatic transport of dry and
free-flowing powders,16 and the transport of mining
products.3

The objective of this article is to analyze the applicability
of the 44 different models for predicting the pick-up (liquid/
solid and gas/solid flow systems) and the incipient motion
(gas/solid flow system) velocities for horizontal flow with
single-phase carrier fluid at low particle concentrations of
less than 100 ppm. Compared to larger particle concentra-
tions, at concentrations below 100 ppm, one can study the
conditions for initiating the motion of a single particle more
easily.23 The following section provides a critical review of

these 44 solids transport models1,2,4,5,9,15–19,21,22,24–51,154 by
comparing their development methods, the ranges of the
experimental data used to develop or validate them, and the
forces used to develop them (where applicable). To test the
performance of these models, a database that consists of
experimental data for solids transport at low particle concen-
trations was compiled,5,6,15,16,19,27,30,33,52–58 and the overview
of this database is provided in the “Experimental Database”
section. The statistics and methods used to compare the per-
formance of the models for the database is summarized in
the “Methodology Used to Evaluate the Performance of the
Models” section. To identify the proper model forms and the
dominant forces for each velocity type for horizontal, single-
phase fluid flow at low particle concentrations, the parame-
ters, or constants, of the dimensionless forms of the solids
transport models are fine-tuned, or adjusted, using the appro-
priate data from the compiled database. The methodology
and the formulation used for fine-tuning are provided in the
“Fine-Tuning Process” section. The “Results and Dis-
cussions” section discusses the performances of the models
for the experimental database, and the values of the statistics
for the original models and the fine-tuned model-forms. This
section also provides an analysis of the forces, mechanisms,
and dimensionless groups that were most commonly encoun-
tered in the better-performing models for the hydraulic con-
veying (at the pick-up velocity) and pneumatic conveying (at
the pick-up and incipient motion velocities) of particles.
Lastly, the manuscript provides the conclusions regarding
the dominant forces and mechanisms for initiating the
motion of particles in conduits for horizontal, single-phase
fluid flow at low particle concentrations, and the solids trans-
port models and experimental database.

Review of the Solids Transport Models

The solids transport models can be classified to three cate-
gories based on the approach used to develop them: empiri-
cal, mechanistic, and semi-mechanistic. Empirical models
are developed using experimental data of specific ranges,15,19

whereas mechanistic models are developed using force bal-
ances, where assumptions are made regarding the dominant
forces.15 Semi-mechanistic models are developed with a

Figure 2. Graphical representations of the solids transport velocity definitions used in this study.
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combination of force balances and model parameter fine-tun-
ing using experimental data.59 Mechanistic and semi-mecha-
nistic models can be organized based on the assumptions
used to develop these models (e.g., turbulent flow, particle
motion by lift, drag, or roll), and empirical models can be
grouped based on the approach used to develop the models
(e.g., the use of dimensional analysis). Table 1 provides an
overview of the 44 models studied in this article. Table 1
groups the solids transport models based on the type of
velocity predicted by the models (incipient motion velocity,
pick-up velocity, equilibrium velocity, saltation velocity, and
critical velocity), the concentration dependence of the mod-
els, and the carrier phase used for the development of the
models (liquid, gas, liquid or gas). Those models that have
“liquid or gas” listed as the carrier phase were developed for
solid/liquid and solid/gas flows. Table 1 also provides infor-
mation regarding the technique used to derive the models
(empirical, mechanistic, and semi-mechanistic). The equa-
tions for the models in both dimensional and dimensionless
forms are given in Appendix Table A1.

The input variables for most of these 44 solids transport
models include the fluid properties (density and viscosity), the
particle properties (density and diameter), the particle concen-
tration (for concentration-dependent models), and the hydrau-
lic diameter of the conduit. There are a limited number of
models that consider the effect of pipe inclination. Table 2
presents the sources of the experimental data that were used
to develop the empirical and semi-mechanistic models, and
validate the mechanistic models. The ranges of these experi-
mental data are shown in Supporting Information Figure S1.

Upon studying the ranges of the experimental data used to
develop or validate the models, for hydraulic conveying of
particles, the Kalman et al.,30 Mantz,33 Miller et al.,2 Rabi-
novich and Kalman,19,35,36 Ramadan et al.,15 Rampall and
Leighton,37 Han and Hunt,47 Ling,51 Dey,49 Wu and Chou,48

Stevenson and Thorpe,41 and Stevenson et al.5,42,43 models
were developed for low particle concentrations; the widest
particle concentration ranges were used by Babcock,25 Oros-
kar and Turian,17 Turian et al.,45 and Zandi and Govatos,46

whereas the smallest ranges were used by Doron et al.,28 and
Thomas.44,154 All the models, except the Almutahar,22 Bain
and Bonnington,26 Doron et al.,28 Gruesbeck et al.,21 Pona-
gandla,34 and Rose and Duckworth38 models, were devel-
oped only for horizontal flow. All the models were
developed or validated using at least water, with Gruesbeck
et al.,21 Oroskar and Turian,17 Rabinovich and Kalman,35

Rampall and Leighton,37 and Turian et al.45 using the widest
ranges of fluid densities and viscosities. The Thomas44

model has the largest upper bound for the particle density;
the Shook,39 Thomas,154 and Turian et al.45 models have the
widest particle density ranges; and Almutahar,22 Danielson,4

Davies,18 Kalman et al.,30 Ponagandla,34 Rabinovich and
Kalman,36 Ramadan et al.,15 Spells,40 and Stevenson et al.42

used only a few particle densities to develop or validate their
models. For the particle diameter, the widest range was used
by Bain and Bonnington,26 and Shook;39 the smallest range
was used by Almutahar,22 Davies,18 Gruesbeck et al.,21

Oroskar and Turian,17 Ponagandla,34 Spells,40 Stevenson and
Thorpe,41 and Stevenson et al.;42,43 and Danielson,4 and
Rabinovich and Kalman36 used one or two discrete values.
For the pipe diameter, Bain and Bonnington,26 Davies,18

Shook,39 Thomas,154 and Turian et al.45 used the widest
range, whereas Danielson,4 Kalman et al.,30 Rabinovich and
Kalman,19 and Ramadan et al.15 utilized the smallest range.
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For the pneumatic conveying of particles, the following
qualitative observations can be made regarding the models.
The Cabrejos,16 Cabrejos and Klinzing,27 Fletcher,29 Hayden
et al.,1 Kalman et al.,30 Miller et al.,2 Rabinovich and Kal-
man,19,35,36 Ibrahim et al.,50 and Stevenson et al.5 models
were developed for low particle concentration ranges, and
the Thomas154 model used the widest range of particle diam-
eters to develop the model. All the models were developed
for horizontal flow, except for the Ad�anez et al.,24 and Lee
and Kim32 models; and the Rose and Duckworth38 model
were developed for inclined flow in addition to horizontal
and vertical flows. All the models were developed or vali-
dated using experimental data with air at room temperature
and atmospheric pressure as the carrying phase, with the
Thomas154 model using the widest ranges of fluid density
and viscosity. The Miller et al.,2 and Rabinovich and Kal-
man19,36 models used the widest particle density ranges,
whereas the Thomas44 model used only a single particle den-
sity value. The models developed by Cabrejos,16 Kalman
et al.,30 and Rabinovich and Kalman19 used the widest range
of particle diameter, and the Thomas44 model used a single

particle diameter. The widest range of pipe diameter was
used by Lee and Kim,32 and Rose and Duckworth;38 and a
single pipe diameter experimental data were used by
Fletcher,29 and Hayden et al.1

Empirical Models

Models developed from dimensional analysis for solids
transport in single-phase fluid flow

Models in this category are developed by Gruesbeck
et al.,21 K€okpınar and G€o�g€uş,31 Spells,40 Turian et al.,45 and
Zandi and Govatos46 for hydraulic conveying; Ad�anez
et al.,24 Cabrejos and Klinzing,27 Fletcher,29 and Lee and
Kim32 for pneumatic conveying; and Rose and Duckworth38

for hydraulic and pneumatic conveying. Table 3 shows that
the particle Reynolds number, the Froude number, and the
density ratio between the particle and the fluid are the most
commonly used dimensionless groups in these models.

The models developed by Spells,40 Zandi and Govatos,46

Turian et al.,45 K€okpınar and G€o�g€uş,31 Cabrejos and

Table 2. Sources of the Experimental Data Used to Develop and/or to Validate the Solids Transport Models

Model References for the Sources of the Experimental Data

Thomas44 44, 61–63
Ad�anez et al.24 24, 32, 64–72
Lee and Kim32 32, 65–67, 69–74
Newitt et al.9 (heterogeneous flow) 9
Miller et al.2 53, 57, 75–88
Mantz33 33, 53, 57, 75, 79, 80, 89–94
Danielson4 95
Stevenson et al.43 42, 43, 96
Stevenson and Thorpe41 41
Newitt et al.9 (homogeneous flow) 9
Stevenson et al.42 42
Cabrejos and Klinzing27 27, 97
Rampall and Leighton37 98–102
Stevenson et al.5 5, 6, 20, 97, 103
Doron et al.28 28, 104–107
Rabinovich and Kalman35 15, 33, 49, 53, 57, 58, 75, 78–82, 108–111
Rabinovich and Kalman19 5, 6, 19, 47, 54, 97
Kalman et al.30 1, 15, 27, 30, 97, 112
Hayden et al.1 1, 16
Cabrejos16 (single particle) 16
Rabinovich and Kalman36 6, 19
Ramadan et al.15 15
Cabrejos16 (multiple particle) 16
Fletcher29 29, 113–115
Turian et al.45 40, 45, 116–141
Almutahar22 (new approach) 31, 106, 107, 117, 118, 120, 127, 134, 137, 142–144
Davies18 127, 130
Spells40 Settle JJ, Parkins R (Private Communication), Williams JC (Private Communication),

Smith RA, Carruthers GA (Private Communication), 145–147
Rose and Duckworth38 38, 148–151
Gruesbeck et al.21 21
Thomas154 3, 9, 44, 61, 134, 145–148, 152–156
Zandi and Govatos46 9, 147, 157–164
Babcock25 25, 46, 147
Shook39 9, 40, 134, 165–168
Bain and Bonnington26 116, 169–172
K€okpınar and G€o�g€uş31 31, 120, 142–144, 173, 174
Ponagandla34 31, 106, 107, 117, 118, 120, 127, 134, 137, 142–144
Oroskar and Turian17 40, 129, 175–178
Almutahar22 (initial approach) 31, 106, 107, 117, 118, 120, 127, 134, 137, 142–144
Han and Hunt47 47
Wu and Chou48 179–183
Dey49 33, 53, 57, 58, 75, 78–82, 90, 92, 108, 109, 184
Ibrahim et al.50 50
Ling51 77, 81, 90

80 DOI 10.1002/aic Published on behalf of the AIChE January 2014 Vol. 60, No. 1 AIChE Journal



T
a
b

le
3
.

D
im

en
si

o
n

le
ss

G
ro

u
p

s
U

se
d

in
th

e
D

ev
el

o
p

m
en

t
o
f

th
e

E
m

p
ir

ic
a
l

M
o
d

e
ls

M
o
d
el

D
im

en
si

o
n
le

ss
G

ro
u
p
s

N
R

e
N

R
e
,p

N
A

r
N

F
r

C
D

D
en

si
ty

R
at

io
D

ia
m

et
er

R
at

io
C

o
n
c.

O
th

er
s

M
o
d
el

s
D

ev
el

o
p
ed

fr
o
m

D
im

en
si

o
n
al

A
n
al

y
si

s
fo

r
S

in
g
le

P
h
as

e
F

lu
id

F
lo

w

H
y
d
ra

u
li

c
C

o
n
v
ey

in
g

G
ru

es
b
ec

k
et

al
.2

1

D
v S

q
f

l

d
p
v S

q
f

l

–
–

–
q

S
2

q
f

q
f

–
C

–

K
€ o
k
p
ın

ar
an

d
G

€ o� g
€ uş
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Klinzing,27 and Rose and Duckworth38 incorporate the

Froude number185,186 NFr5
mffiffiffiffiffi
gl0
p

� �
with different character-

istic lengths, l0. Some models31,38,45,46 use the pipe diameter
as the characteristic length, whereas the rest27,40 use the par-
ticle diameter. The use of the pipe diameter and the particle
diameter as the characteristic length implies that the Froude
number represents the ratio of the inertial force to the grav-
ity force185,186 for the fluid and the particle, respectively. It
should be noted that the Froude number that incorporates the
hydraulic diameter of the conduit is most commonly used to
classify the flow (subcritical, critical, or supercritical) in a
free surface or open channel,185 as it is governed by gravita-
tional forces.

Spells,40 K€okpınar and G€o�g€uş,31 Gruesbeck et al.,21 Lee
and Kim,32 Ad�anez et al.,24 Cabrejos and Klinzing,27 and
Fletcher29 incorporate dimensionless groups with the same

form as the Reynolds number185,186 NRe5
l0mqf

l

� �
. Similar to

the case of the Froude number, the models use different
characteristic lengths, l0, to calculate the Reynolds number,
where some models21,40 use the pipe diameter, while
others21,24,27,29,31,32 use the particle diameter, yielding the
particle Reynolds number. As the Reynolds number repre-
sents the ratio between the inertial force and the viscous
force, the use of the pipe diameter as the characteristic
length implies that the Reynolds number quantifies the ratio
of the forces acting on the fluid. The particle Reynolds num-
ber quantifies the ratio of the inertial and viscous forces act-
ing on the particle. Although most of the above models
estimate the average fluid velocity, the model developed by
Fletcher29 determine the shear velocity; and the models
developed by K€okpınar and G€o�g€uş,31 and Gruesbeck et al.21

use the settling velocity to quantify the average fluid
velocity.

The effect of the apparent weight187 of the particles is
incorporated into most of the models, either through the

quantity
qS

qf
21

� �
5

qS2qf

qf

� �
, or the Archimedes number

NAr5
gd3

pqf qS2qfð Þ
l2

� �
, which takes into account the inertial,

buoyancy, and viscous forces,30 as the Archimedes number
“is related with the Froude number, the Reynolds number,
and the ratio of the gravity force to the buoyant force.”16

However, in the models developed by Cabrejos and Klinz-
ing,27 and Fletcher,29 the effect of the particle weight is con-

sidered using the specific mass of the particle
qS

qf

� �
.29 The

Fletcher29 model also considers the ratio of the weight of the

particle to viscous forces
gd3

pq
2

f

l2

� �
; and the ratio of the cohe-

sive to viscous forces c
qf

� �0:5 dpqf

l

� �	 

.

Models developed using hydraulic gradients

The Newitt et al.,9 Babcock,25 Bain and Bonnington,26

and Shook39 models took into account the effects of pressure
losses in the pipes. In general, the authors were interested in
correlating the head losses in slurry-transporting pipes, and
in the process, models that can be used to predict the solids
transport velocity were obtained.

Newitt et al.9 obtained relations for the transitions from
the flow with a sliding bed of particles to the heterogeneous

suspension of particles, and from the heterogeneous to the
homogeneous flow of suspensions in the pipe. Shook39 stud-
ied the transport of solids in a “short-distance pipeline”
designed using only information from the literature, where
the “costs do not justify an extensive testing program.” Bain
and Bonnington26 differentiated between the possible defini-
tions for the critical velocity. The “critical velocity” was
defined as the velocity for which the pressure drop was low-
est for a mixture of constant particle concentration, whereas
the “critical deposit velocity” was defined as the velocity
below which particles began to deposit to the bottom of the
pipe.116 Based on Bain and Bonnington’s26 experimental
data (shown in Supporting Information Figure S1), for most
cases, the critical velocity exceeded the critical deposit
velocity for the same operating condition. Hence, it was
advantageous to operate at the critical velocity instead of the
critical deposit velocity to minimize the power requirements
for the pumps, and to provide a “margin above the critical
deposit (velocity) … thereby reducing the likelihood of (par-
ticle) deposition.”26 Babcock25 developed a solids transport
model to characterize the transition to the heterogeneous
flow of particles in pipes, where the same dimensionless
groups used by Zandi and Govatos46 were incorporated into
the model.

The four models in this category were all developed using

the Froude number m2

gD

� �
, the density ratio, the concentration,

and the ratio P2PW

PW
, where P and PW denote the hydraulic

gradients due to particle suspension in the fluid and due to
the pure fluid, respectively. The models developed by Bain
and Bonnington,26 and Babcock25 were derived by determin-
ing the fluid velocity that minimized the hydraulic gradient,
while the Shook39 model was developed by determining the
maximum concentration for which the solid particles are
transported for a given velocity. Despite the different
approaches used to derive these three models, when solved
for the solids transport velocity, they yield the same form as
the Zandi and Govatos46 model. The Newitt et al.9 model
predicts two different velocities: (1) the fluid velocity where
the flow transitions to a heterogeneous flow of solids in the
pipe, and (2) the fluid velocity where the flow transitions to
a homogeneous flow of solids in the pipe.

Models developed using the Shields parameter

The Shields parameter NSh5 sW

gdp qS2qfð Þ

� �
, which incorpo-

rates the shear stress sW due to the fluid flow, is similar to the
Froude number as it represents the “relative magnitudes of the
inertial and gravitational force on a grain acted upon by fluid
flow.”2 The models in this group, that is, the Miller et al.,2

and the Mantz33 models, have similar forms due to the use of
the same dimensionless groups in their development: NSh, and
the particle Reynolds number calculated using the shear veloc-
ity (NRe, p, *). The models were obtained by fitting a curve to
the experimental data using the above-mentioned dimension-
less groups. The two models differ in that the model by Miller
et al.2 was developed using experimental data for the pneu-
matic conveying of particles, and a broader range of particle
densities compared to the Mantz33 model.

Models with diameter corrections

The Kalman et al.,30 and the Rabinovich and Kalman19,35

models were derived for the hydraulic and pneumatic con-
veying of particles in conduits. They correlate the particle
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Reynolds number with the Archimedes number and include
corrections to account for the effect of the pipe diameter.
The values of the parameters of these three models differ
due to the difference in experimental data sets used to esti-
mate them. The Rabinovich and Kalman19 model was devel-
oped to predict the incipient motion velocity of a particle,
whereas the remaining two models were developed to predict
the pick-up velocity. While the Rabinovich and Kalman35

model parameters were estimated using experimental data
with a broader range of fluid properties (density and viscos-
ity), particle diameter, and pipe diameter compared to the
other two models for hydraulic transport of the particles,
Kalman et al.30 used a broad range of fluid properties (den-
sity of 1.2–2.0 kg/m3) for the pneumatic conveying of par-
ticles to derive their model. Both Kalman et al.,30 and
Rabinovich and Kalman19 estimated their model parameters
using a broad range of experimental data in terms of particle
properties (including particles of diameters up to 5 mm). For
the pipe diameter, Rabinovich and Kalman35 included data
that originate from experiments conducted in wind tunnels of
heights 1.2 and 2.5 m.

Models developed for solids transport in multiphase
fluid flow that can be extended to single-phase carrier
liquids

The Stevenson and Thorpe,41 and Stevenson et al.42 mod-
els were developed for the transport of solids in stratified
flow and slug flow, respectively; and Stevenson et al.43

expanded their previous model to account for the transport
of solids in liquid-only flow in addition to slug flow. Similar
dimensionless groups incorporating different types of veloc-
ities (particle velocity vp, superficial gas velocity vsg, and
superficial liquid velocity vsl) were used to derive all three
models. To extend the applications of the models to solids
transport in single-phase liquids, the models assume that vp

is equal to zero at the threshold of particle movement, and
vsg is set to zero for single-phase flow.

Mechanistic Models

The mechanistic solids transport models include those
developed by Davies,18 Doron et al.,28 Stevenson et al.,5 Ram-
pall and Leighton,37 Hayden et al.,1 Cabrejos,16 Rabinovich
and Kalman,36 Wu and Chou,48 and Ramadan et al.15 The per-
formances of most of the mechanistic models were tested
using data for flow at low particle concentrations in horizontal
or near-horizontal conduits. The models for hydraulic and
pneumatic conveying of solids were validated using experi-
ments with water and air as the carrying phase, respectively.

Broader ranges of particle diameters and densities were used
to validate the models developed for pneumatic flow compared
to hydraulic flow. Finally, most of the mechanistic models
were tested using experimental data for flow in conduits with
hydraulic diameters of about 0.1 m or less. The mechanisms
and forces assumed to be significant for particle transport are
shown in Table 4: FD (drag force), FL (lift force), FF (friction
force between the particle and the pipe wall), FA (adhesive
force), FW (apparent weight of the particle in the fluid), FP

(plastic force), FT (forces acting on the particle caused by the
turbulence of the fluid), Fsed (sedimentation force), Fef (eddy
fluctuation force), and FN (normal force exerted by the column
of particles lying above the particle of interest).

Model developed for the initiation of particle motion by
lift

The Hayden et al.1 model, which was derived for pneu-
matic conveying of particles in horizontal conduits, was
developed with the assumption that particle pick-up took
place when the particle was “entrained in the moving fluid.”
Hence, the lift force, the apparent weight of the spherical
particle in the fluid, and the adhesive force were identified
as the dominant forces.

Models developed for horizontal initiation of particle
motion

These models, where it was assumed that the particle
commences motion by dragging or rolling, were developed
by Doron et al.,28 who studied the roll of spherical particles
from a layer of particles, and Stevenson et al.,5 who focused
on the dragging of a hemispherical particle on the conduit
wall. Doron et al.28 assumed that the particle rotates at its
point of contact with the adjacent particle, and hence, unlike
the Stevenson et al.5 model, ignored the effects of friction.
In terms of the flow regime, Stevenson et al.5 assumed that
the particle is initially lying at the bottom of the conduit
within the viscous sublayer, whereas Doron et al.28 assumed
three flow regions (the stationary bed, the moving bed, and
the heterogeneous mixture region) in the pipe for the trans-
port of solids from a bed of particles. According to Doron
et al.,28 the bottom layer of the bed (the stationary bed) is
not in motion even though the upper layer of the bed (the
moving bed) may be in motion, and the particles that are in
motion occupy the heterogeneous mixture region. With the
incorporation of the normal force FN, the Doron et al.28

model can be used to predict the fluid velocity needed to
move particles in any location within the layer of particles

Table 4. Mechanisms and Forces Considered in the Development of the Mechanistic Models

Model

Mechanism Forces

Drag Lift Roll FD FL FF FA FW FP FT Others

Cabrejos16 (single particle) � � – � � � � � – – –
Davies18 – � – – – – – – – � Fsed

Doron et al.28 – – � � – – – � – – FN

Hayden et al.1 – � – – � – � � – – –
Rabinovich and Kalman36 � � � � � � � � – – –
Ramadan et al.15 – � � � � – – � � – –
Rampall and Leighton37 – � – – � – – � – � –
Stevenson et al.5 � – – � – � – � – – –
Wu and Chou48 – � � � � – – � – – –
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(i.e., the particle of interest does not necessarily have to be
the topmost particle in the bed).

Models developed for horizontal and vertical initiation
of particle motion

The models developed by Cabrejos,16 Ramadan et al.,15 Wu
and Chou,48 and Rabinovich and Kalman36 considered the pos-
sibility of both horizontal and vertical initiation of particle
motion. Cabrejos16 determined that for both particles larger
and smaller than the thickness of the viscous sublayer, the par-
ticle is transported with the fluid due to dragging. Cabrejos16

also developed a model to predict the fluid velocity needed to
initiate the lift of the solid particles. Ramadan et al.,15 and Wu
and Chou48 developed their models to predict the fluid velocity
needed to initiate the motion of a solid particle from a bed of
particles by considering the possibilities of particle lift and
roll. Rabinovich and Kalman36 developed different equations
for predicting the solids transport velocity, and the selection of
the equation depended on the size of the particle relative to
the thickness of the viscous sublayer, and the type of continu-
ous phase (i.e., liquid or gas). It was assumed that non-spheri-
cal particles larger than the thickness of the viscous sublayer
drag, spherical particles larger than the thickness of the viscous
sublayer roll, particles smaller than the thickness of the viscous
sublayer flowing in a gaseous-carrying phase roll or bounce
(i.e., are lifted), and particles flowing in a liquid-carrying phase
drag or roll initially.

The drag force, lift force, and apparent weight of the parti-
cle were considered in all these models. Cabrejos,16 and
Rabinovich and Kalman36 included the adhesive and the fric-
tion forces between the particle and the pipe wall because
these models were developed for particles initially at rest at
the bottom of the pipe. Furthermore, these two models incor-
porated the effect of particle size relative to the thickness of
the viscous sublayer. Ramadan et al.15 included the plastic
force to account for the yield stress of the fluid, if applica-
ble. Cabrejos,16 Wu and Chou,48 and Ramadan et al.15

assumed a spherical shape for the particles, whereas Rabino-
vich and Kalman36 took into account the shape of the parti-
cle through the force balances for non-spherical and
spherical particles.

Models developed using turbulence theory

The models by Davies,18 and Rampall and Leighton37

were developed by considering the effect of turbulence on
the solids transport mechanism. Davies18 balanced the sedi-

mentation force Fsed with the eddy fluctuation force Fef, and
accounted for the presence of multiple particles through con-
centration. Rampall and Leighton37 studied the movement of
the particle from the viscous sublayer to the turbulent core
of the fluid. The Rampall and Leighton37 model predicts the
velocity at the initiation of particle motion, whereas the
Davies18 model predicts the velocity needed to transport the
solid particles such that there is no solids deposition and no
bed formation.

Semi-mechanistic Models

The semi-mechanistic solids transport models include
those developed by Almutahar,22 Thomas,44,154 Danielson,4

Ponagandla,34 Oroskar and Turian,17 Ibrahim et al.,50 Ling,51

Dey,49 Han and Hunt,47 and Cabrejos.16 The forces and
mechanisms considered by the above authors are shown in
Table 5. Most semi-mechanistic models were developed for
near-horizontal flow, with two of the models developed for
an inclination of up to �30�.22,34 Unlike mechanistic models,
some parameters of the semi-mechanistic models are
adjusted using experimental data, and therefore, it is impor-
tant to know the ranges of data used in their developments.
The forces used in the development of the models depended
on the mechanisms (drag, lift, or roll) considered in the
development of the models.

Models developed using the lift, drag, or roll
mechanisms

Thomas44 developed his solids transport model by taking
into account the lift force; Cabrejos16 developed his model
by taking into account both the drag and lift mechanisms;
Ling51 derived equations to predict the fluid velocity needed
to lift and roll the solid particle; Ibrahim et al.50 considered
the possibility of particle drag, lift and roll; and Dey,49 and
Han and Hunt47 studied the requirement for particle motion
by rolling. Thomas44 was interested in quantifying the solids
transport velocity needed to prevent the accumulation of a
layer of stationary particles at the bottom of a horizontal
conduit, and the model was developed by considering the lift
due to Bernoulli forces. Cabrejos16 derived the correlation
for a multiple-particle system by incorporating the velocity
from the single-particle model16 (described in the “Models
Developed for Horizontal and Vertical Initiation of Particle
Motion” subsection). The effects of particle-particle interac-
tion and particle shape were incorporated empirically into

Table 5. Mechanisms and Forces Considered in the Development of the Semi-Mechanistic Models

Model

Mechanism Forces

Drag Lift Roll FD FL FF FA FW FP FT Others

Almutahar22 (initial approach) – � – � – – – – – � –
Almutahar22 (new approach) – � – – – – – – – � Fsed

Cabrejos16 (multiple particle) � � – � � � � � – – –
Danielson4 – � – � – – – – – � –
Oroskar and Turian17 – � – � – – – – – � –
Ponagandla34 � � – – – – – � – � –
Thomas44 – � – – � – – � – – –
Thomas154 – � – � – � – � – � Fspin

Ibrahim et al.50 � � � � � � � � – – –
Ling51 – � � � � – – � – – –
Dey49 – – � � � – – � – – –
Han and Hunt47 – – � � � � – � – – –

86 DOI 10.1002/aic Published on behalf of the AIChE January 2014 Vol. 60, No. 1 AIChE Journal



the model. Han and Hunt47 assumed that the lift force is
negligible compared to the apparent weight of the particle,
and that the particle is either a “truncated sphere” initially
resting on a flat surface, or a sphere initially resting on a
“spherical depression of the same radius as the particle.”
Similar to Han and Hunt,47 Ibrahim et al.50 assumed the par-
ticle’s shape to be that of a “truncated sphere,”47 and that
the particle is initially resting at the bottom of the conduit.
Ling51 developed his model to predict the fluid velocity
needed to roll or lift a particle initially at rest on a bed of
particles, and expressed the lift force as the sum of the shear
lift, the Magnus force or spin lift, and the centrifugal force.
Similar to Ling,51 Dey49 developed his model for the initia-
tion of the motion of the particle initially at rest on a bed of
particles. However, Dey49 considered the possibility that the
particle of interest has a different diameter compared to the
rest of the particles comprising the bed.

Thomas44 designed his model for the prediction of the sol-
ids transport velocity at “dilute suspensions” to prevent the
deposition of solid particles; Cabrejos,16 Dey,49 and Ling51

were interested in the pick-up of solids from a layer of par-
ticles; and Han and Hunt,47 and Ibrahim et al.50 were inter-
ested in initiating the motion of a single particle. Instead of
balancing the lift force with the apparent weight of the parti-
cle, Thomas44 used the ratio of the two forces to quantify
the solids transport velocity. Compared to Thomas44 and
Ibrahim et al.,50 for the pneumatic transport of particles,
Cabrejos16 incorporated experimental data with greater varia-
tions in the particle properties (density and diameter),
although the largest particle density used by Ibrahim et al.50

exceeded the values of the particle densities used by Cabre-
jos.16 For the hydraulic transport of particles, Thomas44 was
mainly interested in fine particles, where the largest particle
diameter used in the experiments was about 66 lm, but there
was a variation in the values used for the pipe diameter (the
largest value is about 0.3 m) and particle density (which
includes values of 6400, 1.0 3 104, and 1.89 3 104 kg/m3).
In their experiments, Han and Hunt47 used particles with
smaller densities compared to those of Thomas,44 but of
larger diameters. Dey49 developed his model using experi-
mental data with greater variations in the fluid density com-
pared to the Thomas,44 Han and Hunt,47 and Ling51 models.

Models developed using turbulence theory

The models developed by Oroskar and Turian,17 Almuta-
har,22 Danielson,4 Ponagandla,34 and Thomas154 took into
account the effects of the turbulence of the fluid on the sol-
ids transport mechanism. Oroskar and Turian17 were inter-
ested in predicting the velocity that marked the transition
between the formation of a bed of solids at the bottom of
the pipe to the full suspension of the particles, where an
energy balance that incorporated the drag force and the tur-
bulence of the fluid was used to develop the model. Oroskar
and Turian17 developed their model by balancing the energy
required to maintain the particles in suspension with the
“total turbulent energy” of the fluid. Building upon the Oros-
kar and Turian17 model, Almutahar22 (initial approach)
incorporated additional terms to account for the effects of
the particle size and the pipe inclination angle. Danielson4

also referred to Oroskar and Turian,17 where the energy
required to keep the particles in suspension was balanced
with the fraction of the turbulent energy effective in sus-
pending them. Ponagandla34 assumed that the turbulent

velocity fluctuation force needs to overcome the apparent
weight of the particle for transport. Four of these mod-
els17,22,34,154 accounted for the effect of particle concentra-
tion on the solids transport velocity.

Thomas154 defined the “minimum transport velocity” as
the fluid velocity where “the particles cease to slide along
the bottom of the pipe” but are instead transported by bounc-
ing motion. Thomas154 considered the following forces: the
force of the apparent weight of the particle, the Bernoulli
forces caused by the mean velocity gradient and instantane-
ous velocity differences, the forces caused by the spin of the
particle giving the Magnus effect, the viscous drag force,
and the friction force between the particle and the pipe wall
as the particle bounces. It was found that the dominant
upward forces were the Bernoulli forces caused by the
instantaneous velocity differences following turbulent fluctu-
ation, and it was assumed that the turbulent fluctuations and
the friction velocities were proportional.

All models in this category were developed for hydraulic
flow except the Thomas154 model, which was also developed
using gas data with a broad range for the fluid density (1.2–2.9
kg/m3), but small particle densities (�1000 to �2500 kg/m3).
For the liquid data, Oroskar and Turian17 used a broad range
for the fluid properties, with densities in the range of 900–1350
kg/m3, and viscosities in the range of 0.47–38 mPa�s.

Most of the semi-mechanistic models incorporate the drag
force and the forces due to turbulence into the force balance.
Despite this similarity, the models produce different velocity
predictions due to the different methods used to calculate the
drag and turbulent forces. For instance, the equation for the
turbulent force used by Ponagandla34 has a similar form to
the drag force equations used by other authors,15,28,36,185,188

with the drag coefficient, CD, replaced with the drag and lift
coefficient, CD,L, and the average fluid velocity, v, replaced
with the turbulent velocity fluctuation, v0. The models devel-
oped by Davies,18 Almutahar22 (new approach), and Pona-
gandla34 use similar force balances in their derivation, but
each relate the turbulent velocity fluctuation to the average
fluid velocity differently, resulting in different velocity pre-
dictions for the same operating condition.

A more detailed review of 18 of these 44 solid transport
models,1,5,15,19,25,27,30,31,35,36,38,40,46–51 among others, can be
found in Rabinovich and Kalman,60 where the discussion
was divided based on the velocity types: incipient motion
velocity, pick-up velocity, saltation velocity, and minimum
pressure velocity. Rabinovich and Kalman60 discussed the
ranges of the particle diameter and dimensionless groups for
which the models are applicable, and classified the models
based on their applicability for particles with diameters
smaller and larger than the thickness of the viscous sublayer.
The origins of the equations that are used to calculate the
forces, such as the one developed by Saffman189 for the lift
force, were summarized, and the effect of the location of the
particle prior to motion for the cases of particle pick-up from
a flat layer of particles was discussed. Finally, an empirical
model was suggested to predict the above-mentioned velocity
types. However, a thorough assessment of the performances
of these models using comparison of their predictions against
experimental data was not performed.

Experimental Database

To test the performances of the models, we have compiled
a database for the hydraulic and pneumatic conveying of
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particles at low particle concentrations from open litera-
ture.5,6,15,16,19,27,30,33,52–58 (Please see Supporting Information
Tables S1–S3 for the complete database.) The focus of this
article is the transport of solids initially at rest. Thus, the
database only includes experiments where the pick-up and
the incipient motion velocities were measured. For experi-
ments where only a single particle is placed in the conduit,
the incipient motion velocity is quantified, and in those
experiments where a flat bed of particles is used, the pick-up
velocity is quantified. Table 6 summarizes the range of the
experimental data in our database based on the type of the
carrying phase. For the transport of particles in a liquid-
carrying phase at low particle concentrations, the database
contains 151 experimental data points for which the pick-up
velocity was quantified, 117 of which are for horizontal
flow. We were able to locate only three experimental data
points for the incipient motion of particles in a liquid-
carrying phase. Thus, the analysis is not performed for
incipient motion velocity for liquid/solid flows. For the trans-
port of particles in a gaseous-carrying phase at low particle
concentrations, the experimental database consists of 284
experimental data points where the pick-up velocity was
measured; and 167 experimental data points, 137 of which
are for horizontal flow, where the incipient motion velocity
was measured. For the liquid/solid flow experimental data,
there are 34 experimental data points where the pipe inclina-
tion angles range from 0 to 5 degrees; and for the gas/solid
flow experimental data at the incipient motion velocity, there
are 30 experimental data points where the pipe inclination
angles range from 0 to 40 degrees.

The shear velocity, which is the reported velocity in some
experimental work,33,53,55,57 is converted to the average fluid
velocity via Eq. 1 for noncircular duct flow35 and Eq. 2 for
pipe flow:186

v5
v�
kV

z0

h
1 ln

h

z0

� �
21

	 

(1)

and

v

v�
52:53 ln 0:5

Dv�qf

l

� �
11:75 (2)

In the above equations, v and v* denote the average fluid
velocity and the shear velocity, respectively. kV represents
the von Karman constant (the value of 0.4 was used), h the
flow depth, z0 the zero velocity level (z0 5 0.033 kS), and kS

the equivalent roughness height (kS 5 2dp).
Because our study focuses on the horizontal transport of

solid particles, only the experimental data for horizontal flow
were used to assess the performances of the models. Figure 3
provides the plots of the particle Reynolds number versus the

Archimedes number for the experimental data subsets (i.e.,
particle transport in liquid at pick-up velocity, in gas at pick-
up velocity and at incipient motion velocity) for horizontal
flow. The particle Reynolds number and Archimedes numbers
were chosen because they incorporate some of the most signif-
icant forces for particle transport. These plots suggest a power-
law relationship between the particle Reynolds number and the
Archimedes number for each of the subsets. However, because
these plots were developed using the log-log scale, fitting a
power-law function may generate large percent errors for the
prediction of the particle Reynolds number at the lower ranges
of the Archimedes numbers and large absolute errors for the
predictions at the higher ranges. Table 7 shows the type of
velocity measured in the experiments (based on the velocity
definitions given in Figure 2) for horizontal flow, and the
mechanisms observed by the authors for these experiments.

Different authors made different observations regarding
the initiation of the solid particles’ motion. In the experi-
ments conducted for liquid/solid flow, for the pick-up veloc-
ity experiments: Bohling52 interpreted the solids transport
velocity as the fluid velocity where there is “constant trans-
port on the entire sediment’s surface”; Mantz33 observed par-
ticle motion in ripples; White57 interpreted the solids
transport velocity as the fluid velocity where there is move-
ment of a few particles; Grass53 observed the particles “on
the bed surface (fluctuating) between general motion and
complete stability”; and Ramadan et al.15 observed that par-
ticles initially lying on a bed of solids initiate their motion
by rolling, and that at higher pipe inclinations, the particles
move by rolling and bouncing (i.e., by lifting).

In the experiments conducted for gas/solid flow, for the
pick-up velocity experiments: Cabrejos and Klinzing27

observed the particle eroding from a layer of particles;
Hubert and Kalman,54 and Kalman et al.30 observed three
stages of particle transport: (1) the particles start to roll
along the layer of particles, (2) the particles bounce (i.e., are
lifted) after colliding with other particles in the bed of solids,
and (3) the particles collide with the particles that are carried
by the moving fluid; and Cabrejos16 observed particle pick-
up. For the incipient motion velocity experiments: Cabre-
jos,16 and Villareal and Klinzing56 observed particle pick-up;
Halow6 observed that spherical particles initiate their motion
by rolling, whereas non-spherical particles initiate their
motion by dragging; for particles initially at rest at the bot-
tom of the conduit, Hubert and Kalman54 considered the sol-
ids transport velocity to be the fluid velocity for which the
particles start rolling; Rabinovich and Kalman19 noted that
“the motion (of the particles) can start by rolling, sliding, or
blowing away” (i.e., by rolling, dragging, or lifting); and
Stevenson et al.5 used one of the criteria for particle motion
described by Zenz,20 namely, the initiation of motion by roll-
ing or bouncing (i.e., lifting) along the bottom of the pipe.

Table 6. Data Ranges of the Low Concentration Database

Variable Liquid Data Gas Data

Velocity type Pick-up Pick-up Incipient motion
Particle concentration (ppm) 1 (i.e., �0) 1 (i.e., �0) 1 (i.e., �0)
Pipe inclination angle (degree) 0–3.21 0 0–40
Fluid density (kg/m3) 820–1500 1.18–1.80 1.18–3.13
Fluid viscosity (mPa�s) 0.85–447.66 0.015–0.020 0.015–0.020
Particle density (kg/m3) 1053–3100 930–8785 180–11640
Particle diameter (lm) 15–5000 4.65–5400 2.65–5930
Pipe diameter (m) 0.02–0.44 0.02–0.10 0.04–0.10
Total number of data points 151 284 167
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As mentioned above, for some of the experimental data,
only general descriptions were given regarding the motion of
the solid particles. For the experimental data from Mantz,33

we interpreted the motion of the particles as rolling; for the
experimental data from Cabrejos,16 and Villareal and Klinz-
ing,56 we interpreted the motion of the particles as lifting;
and for the rest of the sources for which the authors did not
define a specific solids transport mechanism,27,52,53,57 we
assumed the possibility of the particle moving by dragging,
lifting, or rolling.

Table 7 provides information regarding the accuracy of the
measuring instruments used by the experimenters for meas-
uring the fluid velocity, or the volumetric flow rate of the
fluid. All instruments (shown in Table 7) have similar accura-
cies that fall to within 610%. The uncertainties in the fluid
velocity and volumetric flow rate are larger compared to the
uncertainties in the other independent variables (the fluid den-
sity and viscosity, the particle density and diameter, and the
pipe diameter). This discrepancy may be attributed to the
velocity and flow rate measurements being recorded based on
the experimenter’s observation of the movement of the parti-
cle, and inability to measure the velocity or the flow rate

accurately with existing instruments. Thus, the uncertainty in
the measurements of the fluid velocity or volumetric flow rate
is the main source of uncertainty in the experimental data.

The Methodology Used to Evaluate the
Performance of the Models: Model Screening
and Ranking

To evaluate the performances of the solids transport mod-
els against the experimental data, a method that consists of
two parts is used: a model screening protocol and a model
ranking protocol. The purpose of the model screening proto-
col is to use statistical analysis to discard the models that
grossly under or overestimate the solids transport velocities
from further consideration, and hence to reduce the computa-
tional burden. The model ranking protocol ranks the remain-
ing models based on the accuracy of the velocity predictions
using a procedure that combines different statistical quanti-
ties. Although the scope of the current study involves flow
in horizontal conduits at low particle concentrations, models
that were developed for vertical flow or for high particle
concentrations were included in the analysis to evaluate the

Figure 3. The graphs of NRe,p versus NAr for the experimental data subsets for horizontal flow
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performances of the model screening and ranking proce-
dures. Because our experimental database contains data for
horizontal flow at low particle concentrations, models devel-
oped for these conditions should have higher rankings com-
pared to the rest of the models.

The model screening analysis uses the following statistics:
the modified adjusted-R2 (R2

mod,adj,j) of each model j, and
the slope mj of the best-fitting line between the predicted
versus experimental velocity with the intercept of the line
set as the origin for each model j. The modified adjusted-R2

is calculated as

R2
mod; adj;j512

ESS;j

TSS;mod

� �
Ndata21

Ndata2nindep;j21

� �
(3)

where ESS,j denotes the error sum of squares197 of model j,
Ndata the total number of liquid or gas data in the database,
nindep,j the number of independent variables in model j, and
TSS,mod the modified total sum of squares of the experimental
velocity in the liquid or gas database. The modified total
sum of squares quantifies the square of the overall variation
in the experimental velocity.197,198 Hence, the modified
adjusted-R2 provides information regarding the ratio of the
variation of the velocity prediction error and the overall

variation in the experimental velocity. This information can
be used to assess the accuracy of a model’s velocity predic-
tion, where a negative value of the modified adjusted-R2

implies that the variation between the experimental and the
predicted velocities are greater than the variation within the
experimental velocities.

The conditions that were used to discard the models are
specified in Eqs. 4–6

R2
mod;adj ;j < 0 (4)

mj < 0:5 (5)

or

mj > 1:5 (6)

The models were discarded if at least one of the above
conditions was satisfied. Here, the values of 0.5 and 1.5
were selected as the lower and upper limits, respectively, for
the slope to keep the velocity predictions of the models
within 650% of the experimental velocities. Ideally, the
slope of this line is expected to be close to unity (i.e., the
values of the predicted velocity are almost equal to the val-
ues of the experimental velocity). Therefore, having the

Table 7. Velocity Measured and Mechanisms Observed in the Experimental Data for Horizontal Flow

Source
Velocity
Measured

Number of
Data Points

Observed
Mechanism

Measuring Instrument for
the Fluid Velocity or

Flow Rate Instrument Accuracy

Hydraulic
Conveying

Ramadan et al.15 Pick-up 43 Lift, roll Magnetic flowmeter 63%190

Bohling52 Pick-up 13 Drag, lift, roll Acoustic Doppler-
Velocimeter

60.5%191

Mantz33 Pick-up 28 Roll Not specified N/A
White57 Pick-up 26 Drag, lift, roll Orifice plate flow gauge 63%30

Grass53 Pick-up 7 Drag, lift, roll Hydrogen Bubble
Method of Velocity
Measurement

60.5%191,192

Pneumatic
Conveying

Cabrejos16 Incipient motion 31 Lift Two rotameters in
parallel

610%193,194

Pick-up 247 Lift
Kalman et al.30 Pick-up 27 Lift, roll Mass flow meters (for

flow rates below 2500
L/min)

60.1%30

Thin-plate orifice (for
higher flow rates)

63%30

Halow6 Incipient motion 26 Drag, roll Rotameters manufactured
by Fischer Porter

610%195

Rabinovich and
Kalman19

Incipient motion 29 Drag, lift, roll Mass flow meters (for
flow rates below 2500
L/min)

60.1%30

Thin-plate orifice (for
higher flow rates)

63%30

Stevenson et al.5 Incipient motion 14 Lift, roll Two rotameters in
parallel

610%193,194

Hubert and
Kalman54

Incipient motion 7 Roll Mass flow meters (for
flow rates below 2500
L/min)

60.1%54

Thin-plate orifice (for
higher flow rates)

63%54

Pick-up 6 Roll, lift Mass flow meters (for
flow rates below 2500
L/min)

60.1%54

Thin-plate orifice (for
higher flow rates)

63%54

Cabrejos and
Klinzing27

Pick-up 4 Drag, lift, roll Pressure transducer 61%196

Villareal and
Klinzing56

Incipient motion 30 Lift Pressure transducer 67% (this value repre-
sents the reproducibility
of the experimental
results)56
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slope falling between 0.5 and 1.5 implies that most of the
predicted versus experimental velocity pairings considered
for analysis fall within the 650% lines.

For the model ranking, because different statistics provide
different information regarding the accuracy of the models,
the following statistical quantities are used

EMS;j5
ESS;j

Ndata

(7)

EMAP;j5
100

Ndata

XNdata

i51

jmcalc;i;j2mexp;ij
mexp;i

(8)

EMA;j5
1

Ndata

XNdata

i51

jmcalc;i;j2mexp;ij (9)

and

R2
mod;adj;dev;j512R2

mod;adj;j (10)

The statistics shown in Eqs. 7–10 include: EMS,j (the mean
squared error of model j), EMAP,j (the mean absolute percent
error of model j), EMA,j (the mean absolute error of model j),
and R2

mod;adj;dev;j (the deviation of the adjusted-R2 statistic of

model j from one). In addition to the above statistics, the fol-
lowing information are used to rank the models: P50%,j (the
percent of velocity predictions that lie outside the 650%
lines in the graph of predicted versus experimental velocity

for model j), max%,j (max%;j5max over%;j; under%;j

� �
, with

over%,j and under%,j denoting the percent of experimental
velocity overestimated by model j and the percent of experi-
mental velocity underestimated by model j, respectively),
and kj (the number of parameters in model j, used if the
model parameters are fine-tuned—discussed in the “Fine-
Tuning Process” section).

The values of the seven statistics were normalized using

yj5
jyjj2min jy1j;…; jyJjð Þ

max jy1j;…; jyJ jð Þ2min jy1j;…; jyJjð Þ ; j51;…; J

(11)

In the preceding equation, J corresponds to the total num-
ber of models that were ranked, and yj denotes the statistics

of model j (EMS,j, EMAP,j, EMA,j, R2
mod;adj;dev ;j, P50%,j, max%,j,

and kj), with yj representing the normalized value of yj

EMS;j ;EMA;j ;EMAP;j ;R2
mod;adj;dev;j ;P50%;j ;max%;j ; and kj

� �
. For

each model j, the normalized values of the six (or seven) sta-
tistics were summed to obtain the total score Sj of the model

Sj5w1EMS;j 1w2EMA;j1w3EMAP;j1w4P50%;j1w5max %;j

1w6R2
mod;adj;dev;j1 w7kj

� �
(12)

where w1 to w7 represent the weight of each statistic. kj is
only used in the model ranking for the cases where the model
parameters are fine-tuned prior to ranking, and thus, the term
w7kj is enclosed in parentheses in Eq. 12. For this study, all
weights are equal to one. Those models with scores closest to
zero are the ones that are ranked higher. These seven statistics
are used to rank the models because the strength of each sta-
tistic offset the limitations of the others, as will be discussed
below. Equal weights ensure that the strength(s) or limita-

tion(s) of any statistic is not amplified. However, the analysis
can be repeated with different weights if the characteristic(s)
quantified by a subset of the statistics were more significant to
the user compared to the rest.

The mean squared error represents the sum of the variance

of the model’s prediction and the bias of the model’s predic-
tion.197 Thus, the mean squared error quantifies the “spread”

of the error. However, the value of the squared error may

become very small for small velocity predictions, and may
become very large for large velocity predictions.197 To over-

come this shortcoming, absolute errors are used. However,

using the mean absolute percent error can pose a problem if
the value of the observation is equal to zero (which means

that EMAP,j cannot be calculated), or if the value of the

observation is nearly equal to zero (which means that the
value of EMAP,j will become very large). The statistic EMA,j

can be used to overcome the weaknesses of EMS,j and EMAP,j,

as the calculations of EMA,j does not involve squaring the
errors, or dividing by the experimental velocity. The values

of EMA,j need to be compared against the values of the

experimental velocity to assess the accuracy of the model.
For instance, an absolute error of 0.1 m/s for the model may

be acceptable if the value of the experimental velocity is 10

m/s. However, if the value of the experimental velocity is
0.15 m/s, such absolute error implies that the model is inad-

equate. Thus, EMAP,j can overcome the shortcoming of EMA,j,

as EMAP,j provides information on the accuracy of the model
relative to the value of the experimental velocities.

The modified adjusted-R2 statistic quantifies the model’s
accuracy by comparing the errors produced by the model
against the overall variation in the experimental velocity.
The modified adjusted-R2 statistic would have a value of one
for a model that does not produce any error, and zero for
models which produce errors that are equal to the overall
variation in the experimental velocity. Therefore, the model
will have a lower ranking as the value of its modified
adjusted-R2 statistic deviates farther from one.

Ideally, a model should neither underestimate nor overesti-

mate the experimental velocity. In reality, this is not the

case. Therefore, one would prefer unbiased models, where
the amounts of underestimates and overestimates produced

by the model are approximately equal. The model is

unbiased if its value max%,j is approximately equal to 50%.
If the model generates more overestimates than underesti-

mates, or vice versa, its value of max%,j will exceed 50%.

By including max%,j as a statistic for the model ranking, one
can ensure that the greater the bias of the model (i.e., the

closer the value of max%,j is to 100%), the lower the ranking

of the model. And to ensure that most, if not all, the esti-

mates of the models fall to within 650% of the experimental
velocity, P50%,j is used as a statistic for the model ranking.

With this inclusion, models that produce estimates that

exceed 150% or fall below 250% of the experimental
velocity are ranked lower compared to those whose estimates

fall to within 650% of the experimental velocity. The values

of 650% is used to stay consistent with the criteria used in
the model screening (shown in Eqs. 5 and 6). kj is used as a

statistic for the model ranking if the model parameters are

fine-tuned prior to ranking, because we would like to prevent
the model from overfitting the experimental data. Thus, if

two models have very similar values of all the statistics

except for kj, the model with the larger value of kj will have
a lower ranking.
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Fine-Tuning Process

The goal of the fine-tuning process is to identify the
proper model forms and dominant forces for the experimen-
tal database for the hydraulic conveying of particles at the
pick-up velocity, and the pneumatic conveying of particles at
the pick-up and incipient motion velocities. Hence, the anal-
ysis outlined in this section is performed separately for each
of the above three experimental data sets.

To generate a model-form list, we converted all available
solid transport models into dimensionless forms. This is
done by multiplying both sides of the velocity equations of

the models by
dpqf

l

� �
, which yields the particle Reynolds

number on the left-hand side of the equation. Upon perform-
ing this procedure, for many of the model forms, the inde-
pendent variables on the right-hand side of the equations can
be rearranged to form the Archimedes number. The particle
Reynolds number was selected as the dimensionless group
that contains the solids transport velocity (the dependent
variable) because this dimensionless group represents the
ratio between the inertial force and the viscous force acting
on the particle. Thus, the particle Reynolds number repre-
sents the relative magnitude of the force that causes particle
motion, as the inertial force is “proportional to the fluid den-
sity and the square of the fluid velocity,” while the viscous
force is the force that prevents “the random and rapid fluctu-
ations of the fluid.”185 For some of the models, the conver-
sion into dimensionless form revealed the existing small
dimensional inconsistencies in the original models, and these
models are summarized in Supporting Information Table S4.
Then, the numerical constants in the dimensionless models,
that is, the coefficients and the powers, are replaced with k-
constants. At the end of this step, the models with the same
forms are grouped together, yielding a model-form list.

The dimensionless forms of the models with their original
constants (second column), and with the k-constants (third
column) are given in Appendix Table A1. Here, NRe,p,lift,
NRe,p,drag, and NRe,p,roll denote the particle Reynolds number
required for particle lift, drag, and roll, respectively, and
NRe,p,0 denotes the particle Reynolds number required to ini-
tiate the motion of a single particle in the absence of addi-
tional particles. For the multiple-particle model developed by
Cabrejos,16 the values of v0 and NRe,p,0 are obtained from the
single-particle model developed by Cabrejos.16

The parameters of the model forms are adjusted by mini-
mizing the error sum of squares (ESS,j) of the velocity pre-
dictions made by each model form j for the database. The
method of minimizing ESS,j is chosen for the fine-tuning pro-
cess because this method proves to be more robust compared
to using EMAP,j or EMA,j, as absolute values are used in the
calculations of EMAP,j and EMA,j.

198 The optimization formu-
lation is

MIN : ESS;j5
XNdata

i51
mcalc;i;j2mexp;i

� �2
(13)

subject to

kl;j � 0 (14)

where kl,j represents the lth parameter of model form j, Ndata

the number of data points in the data set, vcalc,i,j the velocity
prediction of model form j for datum point i, and vexp,i the
experimental velocity for datum point i. The nonnegativity

constraint shown in Eq. 14 ensures that the forms of the
models are unchanged by preventing the inversions of the
dimensionless groups. The values of the parameters of the
solids transport model forms after they are fine-tuned using
the horizontal liquid-carrying phase at the pick-up velocity,
and gas-carrying phase experimental data at the pick-up and
incipient motion velocities are shown in the second, third,
and fourth columns of Appendix Table A2, respectively.

Results and Discussion

The model ranking is performed for the original models
and different model forms after fine-tuning to compare the
performances of both sets separately for the experimental
data for liquid/solid flow at the pick-up velocity, gas/solid
flow at the pick-up velocity, and gas/solid flow at the incipi-
ent motion velocity. The experimental database was divided
into these three subsets to study the differences between the
solids transport mechanisms for the hydraulic and pneumatic
conveying of particles, and between the initiation of the
motion of the solid particles from a bed of particles and the
bottom of the conduit. The following subsections discuss the
results of the model ranking for the three experimental data
subsets, and the implications of the model ranking results.

Hydraulic conveying of particles at the pick-up velocity

The statistics of the ranked original models, without the
parameter fine-tuning, for the horizontal, hydraulic convey-
ing of solid particles at the pick-up velocity are shown in
Table 8, and the graphs of the predicted versus experimental
velocities for the models are given in Supporting Information
Figure S2. The same information is provided for the model
forms after the parameter fine-tuning in Table 9 and Support-
ing Information Figure S3. An initial glance at the rankings
and the graphs of the predicted versus experimental velocity
reveals that the rankings are consistent with these graphs,
that is, similar results for the model ranking would have
been yielded had the model ranking been performed using
only the graphs.

The normalized values of the statistics (obtained using Eq.
11 by normalizing the first six statistics shown in Table 8
and the first seven statistics shown in Table 9) are given in
Supporting Information Tables S5 and S6. The score Sj of
each model is obtained as the summation of the normalized
values (given in Supporting Information Tables S5 and S6)
using Eq. 12, and are given in the rightmost columns of Sup-
porting Information Tables S5 and S6. It should be noted
here that because the scores of the models (Sj) are obtained
through the normalizations of the statistics, these scores can
only be used to compare the performances of the models in
the same set against each other (e.g., the ranked original
models for hydraulic flow). For example, from the values
shown in Table 8, the minimum and maximum values of
EMS,j for the ranked models, without the parameter fine-tun-
ing, are 0.0128 and 0.0813 m2/s2, respectively. And from the
values shown in Table 9, the minimum and maximum values
of EMS,j for the fine-tuned ranked model forms are 0.0067
and 0.0533 m2/s2, respectively. As shown in Eq. 11, the cal-
culations of the normalized statistics depend on the mini-
mum and maximum values of the statistic. Because the
minimum and maximum values of EMS,j differ for the mod-
els with and without the parameter fine-tuning, the values of
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the normalized statistics and the scores for the different sets
of models cannot be compared against each other.

For the original models, Table 8 shows that as the ranking
of the model decreases, the value of the modified adjusted-
R2 statistic decreases, while the values of EMS,j, EMA,j, and
EMAP,j increase (starting with the third-ranked model). When
the values of these statistics are fairly close to each other,
as is the case with the Mantz,33 and Rabinovich and
Kalman35 models, the value of max%,j determines the rank-
ing. The value of max%,j for the Rabinovich and Kalman35

model is significantly larger than for the Mantz33 model.
Based on the values of max%,j and under%,j, and the graphs
in Supporting Information Figure S2, the Rabinovich and
Kalman35 model more frequently underestimates the experi-
mental velocity compared to the Mantz33 model. Hence, the

Rabinovich and Kalman35 model is ranked lower than the
Mantz33 model.

For the original models with the highest rankings for the
hydraulic conveying of solids at the pick-up velocity, the
two highest-ranked models33,35 were developed empirically
using experimental data with liquid/solid flow. These models
have the highest modified adjusted-R2 statistic, and the low-
est EMS,j, EMA,j, and EMAP,j compared to the remaining
ranked models (shown in Table 8). The data ranges used to
develop these models33,35 were similar to the ranges of the
liquid data in our database, and thus, it should be expected
that these models provide the most accurate velocity predic-
tions among the available models. Although the Rabinovich
and Kalman19 model (the sixth-ranked model) was developed
using experimental data for both gas/solid and liquid/solid

Table 8. Statistics of the Ranked Original Models for the Liquid Data for the Pick-Up Velocity

Model Rank
EMS,j

(m2/s2)
EMA,j

(m/s)
EMAP,j

(%)
P50%,j

(%)
max%,j

(%) R2
mod ;adj;j

P150%,j

(%)
P250%,j

(%)
over%,j

(%)
under%,j

(%)

Mantz33 1 0.0157 0.0865 26.32 13.68 50.43 0.8719 7.69 5.98 49.57 50.43
Rabinovich and Kalman35 2 0.0128 0.0731 21.79 10.26 69.23 0.8954 4.27 5.98 30.77 69.23
Dey49 3 0.0187 0.0960 30.14 17.09 71.79 0.8479 0.00 17.09 28.21 71.79
Miller et al.2 4 0.0223 0.1027 27.58 7.69 84.62 0.8179 1.71 5.98 15.38 84.62
Fletcher29 5 0.0280 0.1092 29.82 15.38 88.03 0.7719 0.00 15.38 11.97 88.03
Rabinovich and Kalman19 6 0.0364 0.1455 43.49 44.44 56.41 0.7035 21.37 23.08 43.59 56.41
Oroskar and Turian17 7 0.0453 0.1522 50.24 35.90 53.85 0.6274 22.22 13.68 46.15 53.85
Ramadan et al.15 8 0.0535 0.1819 62.49 70.09 94.87 0.5602 0.00 70.09 5.13 94.87
Rampall and Leighton37 9 0.0809 0.2455 92.27 68.38 62.39 0.3404 49.57 18.80 62.39 37.61
Cabrejos16 (single particle) 10 0.0813 0.2552 102.75 71.79 76.07 0.3373 58.12 13.68 76.07 23.93

Table 9. Statistics of the Ranked Model Forms for the Liquid Data for the Pick-Up Velocity (After Fine-Tuning Process)

Model
Form No. Rank

EMS,j

(m2/s2)
EMA,j

(m/s)
EMAP,j

(%)
P50%,j

(%)
max%,j

(%) R2
mod ;adj;j kj

P150%,j

(%)
P250%,j

(%)
over%,j

(%)
under%,j

(%)

2 1 0.0072 0.0569 20.04 5.98 59.83 0.9416 2 5.98 0.00 59.83 40.17
3 2 0.0072 0.0569 20.04 5.98 59.83 0.9411 3 5.98 0.00 59.83 40.17
9 3 0.0072 0.0569 20.04 5.98 59.83 0.9411 4 5.98 0.00 59.83 40.17
22 4 0.0072 0.0569 20.04 5.98 59.83 0.9405 4 5.98 0.00 59.83 40.17
4 5 0.0069 0.0567 20.39 6.84 59.83 0.9439 4 6.84 0.00 59.83 40.17
32 6 0.0070 0.0584 20.80 5.98 57.26 0.9428 6 5.98 0.00 57.26 42.74
5 7 0.0098 0.0633 23.63 5.13 52.14 0.9207 3 5.13 0.00 52.14 47.86
30 8 0.0067 0.0560 19.06 5.13 59.83 0.9440 7 5.13 0.00 59.83 40.17
10 9 0.0072 0.0569 20.04 5.98 59.83 0.9411 5 5.98 0.00 59.83 40.17
19 10 0.0072 0.0569 20.04 5.98 59.83 0.9405 5 5.98 0.00 59.83 40.17
24 11 0.0072 0.0569 20.04 5.98 59.83 0.9405 5 5.98 0.00 59.83 40.17
20 12 0.0072 0.0569 20.04 5.98 59.83 0.9405 5 5.98 0.00 59.83 40.17
26 13 0.0072 0.0570 20.09 5.98 59.83 0.9405 5 5.98 0.00 59.83 40.17
27 14 0.0069 0.0567 20.39 6.84 59.83 0.9434 6 6.84 0.00 59.83 40.17
6 15 0.0076 0.0587 21.93 6.84 59.83 0.9380 4 6.84 0.00 59.83 40.17
21 16 0.0072 0.0569 20.04 5.98 59.83 0.9405 7 5.98 0.00 59.83 40.17
11 17 0.0069 0.0540 19.66 5.98 59.83 0.9436 9 5.98 0.00 59.83 40.17
28 18 0.0072 0.0569 20.04 5.98 59.83 0.9405 8 5.98 0.00 59.83 40.17
17 19 0.0071 0.0543 19.58 5.13 60.68 0.9423 11 5.13 0.00 60.68 39.32
8 20 0.0071 0.0584 20.73 6.84 60.68 0.9424 9 6.84 0.00 60.68 39.32
29 21 0.0116 0.0644 20.47 11.97 51.28 0.9048 11 5.98 5.98 51.28 48.72
25 22 0.0110 0.0693 26.95 13.68 52.99 0.9093 9 12.82 0.85 52.99 47.01
12 23 0.0107 0.0704 25.22 14.53 52.14 0.9126 11 11.11 3.42 52.14 47.86
1 24 0.0132 0.0750 25.93 19.66 59.83 0.8923 2 13.68 5.98 59.83 40.17
13 25 0.0148 0.0784 24.91 15.38 56.41 0.8790 6 9.40 5.98 56.41 43.59
18 26 0.0132 0.0750 25.93 19.66 59.83 0.8923 4 13.68 5.98 59.83 40.17
33 27 0.0156 0.0899 27.94 15.38 50.43 0.8731 5 9.40 5.98 50.43 49.57
7 28 0.0131 0.0749 25.87 18.80 61.54 0.8930 4 12.82 5.98 61.54 38.46
35 29 0.0132 0.0749 25.95 19.66 59.83 0.8925 16 13.68 5.98 59.83 40.17
14 30 0.0141 0.0899 29.99 14.53 60.68 0.8855 12 11.97 2.56 60.68 39.32
31 31 0.0275 0.1120 35.42 29.91 62.39 0.7777 3 16.24 13.68 62.39 37.61
16 32 0.0533 0.1811 62.28 70.09 93.16 0.5616 11 0.00 70.09 6.84 93.16
15 33 0.0485 0.1801 61.21 61.54 88.89 0.6049 36 0.85 60.68 11.11 88.89
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flow, the liquid used in the experiments was water, which is
consistent with the experimental data in our database, as
most of the liquid data in our database consists of experi-
mental data for solids transport in water. The selection of
the Fletcher29 and Dey49 models among the highest-ranked
models suggest that the weight and specific mass of the par-
ticle, viscous forces, and drag and lift forces play a role in
the hydraulic conveying of solids. However, the cohesion
between the particles become significant only in the cases of
fine particles.29 It is also worth noting that the five highest-
ranked models were developed to predict the pick-up veloc-
ity, which is the velocity quantified in the experimental data-
base subset currently discussed. This observation validates
the model ranking method, in which the method is capable
of identifying the models that were developed for the same
type of velocity as those quantified in the experimental data.
Three of the five highest-ranked models2,33,35 also have simi-
lar forms, where the particle Reynolds number is a function
of the Archimedes number. However, the incorporation of
the hydraulic diameter of the conduit differs, where D is
incorporated via the quantity D

dp

� �
in the Miller et al.2 and

Mantz33 models, via the exponential function in the Rabino-
vich and Kalman19,35 models, and through the conversion
from the shear velocity to the solids transport velocity in the
Fletcher29 and Dey49 models.

The inclusion of the Oroskar and Turian,17 Rampall and

Leighton,37 and Cabrejos16 models among the ranked models

suggests that the turbulence of the fluid affects the motion of

the particle, and the solids transport mechanisms differ for

particles larger and smaller than the viscous sublayer thick-

ness. However, these three models fall among the lowest

four ranked models, and hence, the rankings suggest that the

effects of the turbulence of the fluid and the viscous sublayer

are not as significant compared to the forces suggested by

the Fletcher29 and Dey49 models for low concentration flow

at the pick-up velocity with liquid as the carrier phase.
As a further validation, we compared the mechanisms that

were used to develop the higher-ranked mechanistic or semi-

mechanistic models15–17,37,49 against the mechanisms

observed by the experimenters (shown in Table 7). It was

seen that the mechanisms assumed to be dominant by the

authors who developed the above-mentioned models are con-

sistent with the mechanisms observed by the experimenters.

For instance, most of the authors who conducted the experi-

ments for solids transport in liquid-continuous phase

observed particle motion by rolling,15,33,53,54,58 which is con-

sistent with the dominant mechanisms assumed by Dey49

and Ramadan et al.15 Many observations were made for the

initiation of the particle’s motion by lift,15,52,53,57 which is

consistent with the mechanisms assumed to be dominant by

four of the mechanistic or semi-mechanistic models15–17,37

included among the ranked models. Thus, the model ranking

method is capable of identifying the models that predict the

appropriate solids transport mechanisms for an experimental

database.
To identify the appropriate model forms and dominant

forces for the hydraulic conveying of solids at the pick-up
velocity, the parameters of the model forms were fine-tuned
using the experimental data. For the 20 highest-ranked model
forms, the values of all the statistics, except for the number of
adjusted parameters, are nearly equal to each other (Table 9).
The effect of incorporating the number of adjusted parameters
(i.e., constants) into the model ranking can be seen here,

where the model forms with more parameters are ranked
lower compared to those with less parameters.

The values of the parameters of the fine-tuned model

forms in Appendix Table A2 suggest that for flow in the
liquid-continuous phase at low particle concentrations at the

pick-up velocity, many of the models reduce to the same

form, resulting in similar values of the statistics (shown in
Table 9). For instance, eight of the model forms reduce to

the form where the particle Reynolds number is a function

of the Archimedes number only, three of the model forms
reduce to the form where the particle Reynolds number

based on the shear velocity is a function of the Archimedes

number only, and two of the model forms reduce to the form
where the particle Reynolds number is a function of the

Archimedes number and the ratio
qf

qS2qf

� �
. Hence, although

35 different model forms were identified initially, the fine-

tuning process using the liquid experimental data quantifying

the pick-up velocity reduces the number of model forms to

25 different forms. The results of the fine-tuning process
imply that for the hydraulic conveying of solids at low con-

centrations, the inertial force, viscous force, and apparent

weight of the particle dominate, as the Reynolds number rep-
resents the ratio of the inertial force to the viscous force,

and the Archimedes number quantifies the ratio FIFW

F2
V

,30,185,186

where FI and FV represent the inertial and viscous forces,

respectively.
The results of the fine-tuning process suggest that the

effects of the ratio of the fluid and particle density should be

considered. However, most of the original models do not

take into account the density ratio, with the exception of the

Fletcher29 and Dey49 models. Among the five highest-ranked

fine-tuned model forms, differences can be seen regarding

the incorporation of the density ratio in some of the models.

For instance, Model Forms 4 and 22 incorporate the density

ratio through
qf

qS2qf

� �
and 11C

qS2qf

qf

� �h i
, respectively. Thus,

the density ratio can be incorporated into the models in more

than one way.
At first glance, it seems that for the liquid data for the

pick-up velocity in our database, the hydraulic diameter does
not affect the solids transport velocity, as the exponent for

the ratio D
dp

become zero after the fine-tuning process for 13

of the model forms where NRe,p is a function of D
dp

. However,

it was found that the correlation between v and D
dp

is about

20.58 for the liquid/solid flow data. (The ratio D
dp

is where D

appears most often in the dimensionless model forms.) The
negative value of the correlation implies that as the value of
D
dp

increases, the value of v decreases in our experimental

data set for hydraulic conveying. This observation suggests
that the behaviors of the models can be further investigated
if the nonnegativity constraint shown in Eq. 14 is removed
during fine-tuning. In fact, when the nonnegativity constraint
is removed, the results of the fine-tuned parameters for the
above model forms suggest nonzero, negative parameters

(between 20.012 and 20.31) for the exponent of D
dp

. Thus,

in developing models for liquid/solid pick-up velocity pre-
dictions, the fine-tuning results suggest that it may be more
appropriate to incorporate the effects of the hydraulic diame-

ter of the conduit through the ratio
dp

D instead of D
dp

for low

solids concentrations. Because the scope of the fine-tuning
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analysis in this article was defined to identify the best
parameter values for the identified model forms, the com-
plete analysis of these results is left as a future study.

Pneumatic conveying of particles at the
pick-up velocity

Tables 10 and 11 (and Supporting Information Tables S7
and S8), and Supporting Information Figures S4 and S5 sum-
marize the results for the horizontal, pneumatic conveying of
solid particles at the pick-up velocity. The information in
these tables and figures are organized in the same way as the
liquid/solid case, and the model ranking for the gas/solid
case was obtained using the same method as that for the liq-
uid/solid case. The results of the model ranking for the gas
data are consistent with the graphs of the predicted versus
experimental velocity (Supporting Information Figures S4
and S5).

For the original models, the highest-ranked model30 has
the largest value of the modified adjusted-R2 statistic, and
the smallest values of EMS,j, EMA,j, EMAP,j, and P50%,j com-
pared to the remaining ranked models (shown in Table 10).
After the sixth-ranked model, the values of the statistics dif-
fer significantly, where the seventh to the last-ranked mod-
els5,15,16,27,33,34,37,45,49 have larger values of EMS,j, EMA,j, EMAP,j,
P50%,j, and smaller values of the modified adjusted-R2 statistic
compared to the six highest-ranked models.2,17,19,30,35,36

Five of the six highest-ranked original models2,19,30,35,36

(shown in Table 10) were developed or validated using
experimental data for gas/solid flow (Supporting Information
Figure S1). For three of the six highest-ranked models,19,35,36

the ranges of the experimental data used to develop the mod-
els are similar to the ranges of the gas data for pick-up
velocity in our database. In addition, three of the four
highest-ranked models2,30,35 were developed to predict the
pick-up velocity for pneumatic conveying, which is the
velocity quantified in the current experimental data subset
being discussed. The selection of mechanistic and semi-
mechanistic models5,15–17,34,36,37,49 among the ranked original
models may suggest the possible mechanisms for the pneu-
matic transport of solids at low particle concentrations. The
selection of the models developed by Rabinovich and Kal-
man,36 Cabrejos,16 and Stevenson et al.5 suggests that for at
least some experimental data points, the particle motion was

initiated by dragging. In addition, Rabinovich and Kalman,36

and Stevenson et al.5 developed their models assuming non-
spherical particle shapes, and most of the pneumatic convey-
ing experimental data for the pick-up velocity in our database
are for non-spherical particles. The selection of the Rampall
and Leighton,37 Ponagandla,34 Oroskar and Turian,17 and
Ramadan et al.15 models implies that for some of the experi-
mental data points, the particle transport takes place due to
the lift mechanism; and the selection of the Dey,49 Ramadan
et al.,15 and Rabinovich and Kalman36 models suggests the
possibility of the initiation of the particle’s motion by rolling.
The selection of the models developed by Rabinovich and
Kalman,36 Cabrejos,16 and Rampall and Leighton37 suggest
that for the pneumatic conveying of particles from a bed of
solids, the solids transport mechanisms for particles smaller
and larger than the thickness of the viscous sublayer differ.
Here, the viscous sublayer thickness is measured relative to
the topmost particles that remain at rest. Finally, the inclusion
of the Oroskar and Turian,17 and Ponagandla34 model among
the ranked models suggests that the turbulence of the fluid
contributes to the motion of particle. Most of the ranked orig-
inal models incorporate the Archimedes number, and the
Cabrejos,16 and Rabinovich and Kalman36 models also incor-
porate the adhesive force term. Similar to the five highest-
ranked original models for liquid flow at the pick-up velocity,
the five highest-ranked original models for gas flow at the

pick-up velocity incorporate the hydraulic diameter through
D
dp

� �
,2,17 or the exponential function.19,30,35

It can be seen from Table 11 that for the nine highest-
ranked fine-tuned model forms, the values of EMS,j, EMA,j,
EMAP,j, max%,j, and P50%,j are smaller, and the values of the
adjusted-R2 statistics are larger, when compared to the
remaining models. The values of all the statistics, except for
the number of parameters, of the nine highest-ranked fine-
tuned model forms are nearly equal to each other. The inclu-
sion of model forms with larger number of parameters
among the nine highest-ranked suggests that for the gas data
for flow at the pick-up velocity, the number of parameters in
the model have limited impact on the model ranking com-
pared to the remaining statistics. The effects of the number
of model parameters are different for the pick-up velocity
experiments in liquid/solid and gas/solid flows due to the
greater number of experimental data points in the database

Table 10. Statistics of the Ranked Original Models for the Gas Data for the Pick-Up Velocity

Model Rank
EMS,j

(m2/s2)
EMA,j

(m/s)
EMAP,j

(%)
P50%,j

(%)
max%,j

(%) R2
mod ;adj;j

P150%,j

(%)
P250%,j

(%)
over%,j

(%)
under%,j

(%)

Kalman et al.30 1 7.18 1.73 23.51 8.80 53.87 0.9031 8.80 0.00 46.13 53.87
Miller et al.2 2 14.29 2.25 25.57 13.73 60.56 0.8072 2.46 11.27 39.44 60.56
Oroskar and Turian17 3 14.81 2.47 29.34 22.89 50.70 0.7994 11.62 11.27 50.70 49.30
Rabinovich and Kalman35 4 15.51 2.36 26.45 14.79 67.25 0.7907 2.11 12.68 32.75 67.25
Rabinovich and Kalman19 5 16.64 3.11 33.82 21.48 81.34 0.7755 0.70 20.77 18.66 81.34
Rabinovich and Kalman36 6 19.46 2.99 32.53 19.01 83.10 0.7375 0.70 18.31 16.90 83.10
Rampall and Leighton37 7 24.47 4.03 55.18 46.48 51.76 0.6699 29.93 16.55 48.24 51.76
Stevenson et al.5 8 24.03 3.37 37.07 29.23 83.10 0.6758 2.11 27.11 16.90 83.10
Dey49 9 30.23 3.59 40.36 28.17 65.14 0.5922 13.38 14.79 65.14 34.86
Mantz33 10 25.32 3.79 44.82 34.15 70.07 0.6584 22.89 11.27 70.07 29.93
Ponagandla34 11 26.83 4.04 48.05 51.41 65.49 0.6367 16.90 34.51 34.51 65.49
Cabrejos and Klinzing27 12 33.99 3.74 41.92 40.14 83.80 0.5414 5.63 34.51 16.20 83.80
Ramadan et al.15 13 32.03 4.17 51.25 51.41 83.10 0.5664 4.93 46.48 16.90 83.10
Cabrejos16 (single particle) 14 29.11 4.90 74.70 64.79 76.41 0.6072 50.00 14.79 76.41 23.59
Turian et al.45 15 34.80 5.31 79.50 66.20 83.80 0.5288 64.08 2.11 83.80 16.20
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for gas/solid flow compared to liquid/solid flow. Thus, for the
gas/solid case, the model forms with large numbers of param-
eters do not run the risk of overfitting the experimental data.

The results of the parameter fine-tuning for the pneumatic
conveying of solid particles at the pick-up velocity show that
10 of the model forms reduce to the form where the particle
Reynolds number is a function of the Archimedes number
only, and two of the model forms reduce to the form where
the particle Reynolds number based on the shear velocity is
a function of the Archimedes number only (shown in Appen-
dix Tables A1 and A2). Here, the number of model forms
reduces from 35 to 25 different forms. For the model forms
that consider the adhesive force between the particle and the
pipe wall, and the cohesive force between the particles, the
coefficients for the adhesive and cohesive forces are nonzero
after the parameters are fine-tuned. This implies that in addi-
tion to the apparent weight of the particle, and the inertial
and viscous forces, the adhesive and cohesive forces play a
role in the solids transport mechanism in pneumatic flow
from a bed of solids.

Similar to the results for the ranking of the original mod-
els, the results of the fine-tuning process suggest that for the
pneumatic conveying of solids from a bed, different equa-
tions should be used based on the ranges of a dimensionless
group, such as the Archimedes number. Similar to the exper-
imental data for liquid/solid flow, the mechanisms assumed
to be dominant by the ranked mechanistic or semi-mechanis-
tic models5,15–17,34,36,37,49 are compared against the mecha-
nisms observed by the experimenters. For the gas case, most
of the experimental data for the pick-up of solids from a bed

include lift as a solids transport mechanism,16,27,30,54 which
is consistent with the mechanisms assumed by Cabrejos,16

Rabinovich and Kalman,36 Rampall and Leighton,37 Oroskar
and Turian,17 Ramadan et al.,15 and Ponagandla34 in devel-
oping their models. Thus, for both the experimental data for
liquid/solid flow and gas/solid flow at the pick-up velocity,
the mechanisms assumed to be dominant in the development
of the higher-ranked mechanistic and semi-mechanistic mod-
els are consistent with those observed by the experimenters.

Similar to the liquid/solid case, the parameters of some of
the fine-tuned model forms suggest that for the gas/solid
case, the hydraulic diameter has little effect on the solids
transport velocity. It was found that the correlation between
v and D

dp
is about 0.05 for the gas/solid flow data at the pick-

up velocity. This observation implies the possibility of a lim-
ited number of experimental data with a wide range of diam-
eter values in the literature for gas/solid flow from a bed of
solids. As shown in Table 6, for the gas/solid flow data in
our experimental database for which the pick-up velocity
was measured, the pipe diameters range from 0.02 to 0.10
m. Hence, to accurately quantify the impact of the hydraulic
diameter on the velocity for pneumatic conveying of solid
particles from a bed, experiments comparing a range of pipe
diameters are necessary.

Pneumatic conveying of particles at the incipient
motion velocity

Tables 12 and 13 (and Supporting Information Tables S9
and S10), and Supporting Information Figures S6 and S7

Table 11. Statistics of the Ranked Model Forms for the Gas Data for the Pick-Up Velocity (After Fine-Tuning Process)

Model
Form No. Rank

EMS,j

(m2/s2)
EMA,j

(m/s)
EMAP,j

(%)
P50%,j

(%)
max%,j

(%) R2
mod ;adj;j kj

P150%,j

(%)
P250%,j

(%)
over%,j

(%)
under%,j

(%)

8 1 4.46 1.39 18.64 5.99 50.35 0.9398 9 5.28 0.70 49.65 50.35
13 2 4.61 1.36 18.64 8.10 52.46 0.9378 6 6.69 1.41 52.46 47.54
12 3 4.63 1.46 19.59 8.10 51.41 0.9375 11 7.39 0.70 51.41 48.59
18 4 6.32 1.63 21.95 10.92 50.70 0.9147 4 8.10 2.82 50.70 49.30
7 5 6.70 1.65 21.84 9.86 51.06 0.9096 4 8.10 1.76 51.06 48.94
25 6 5.63 1.56 21.49 10.56 52.46 0.9238 9 8.80 1.76 47.54 52.46
17 7 5.12 1.50 20.99 10.92 52.46 0.9309 11 9.51 1.41 52.46 47.54
11 8 6.51 1.99 28.59 14.79 51.06 0.9122 9 14.44 0.35 51.06 48.94
15 9 7.08 1.79 22.12 5.63 51.41 0.9044 36 3.52 2.11 48.59 51.41
5 10 10.66 2.23 30.49 19.72 61.62 0.8567 3 15.14 4.58 61.62 38.38
6 11 10.50 2.22 30.21 21.48 63.73 0.8584 4 14.79 6.69 63.73 36.27
4 12 10.50 2.22 30.21 21.48 63.73 0.8584 4 14.79 6.69 63.73 36.27
27 13 10.53 2.22 30.15 21.13 64.08 0.8574 6 14.44 6.69 64.08 35.92
2 14 11.01 2.32 30.88 23.94 65.49 0.8520 2 14.79 9.15 65.49 34.51
1 15 11.30 2.37 31.35 22.89 65.14 0.8475 2 14.44 8.45 65.14 34.86
23 16 11.58 2.34 30.63 22.54 60.21 0.8432 7 14.08 8.45 60.21 39.79
3 17 11.01 2.32 30.88 23.94 65.49 0.8515 3 14.79 9.15 65.49 34.51
26 18 11.02 2.31 30.73 23.94 64.08 0.8508 5 14.79 9.15 64.08 35.92
9 19 11.01 2.32 30.88 23.94 65.49 0.8515 4 14.79 9.15 65.49 34.51
22 20 11.01 2.32 30.88 23.94 65.49 0.8509 4 14.79 9.15 65.49 34.51
20 21 11.01 2.32 30.88 23.94 65.49 0.8509 5 14.79 9.15 65.49 34.51
19 22 11.01 2.32 30.88 23.94 65.49 0.8509 5 14.79 9.15 65.49 34.51
24 23 11.01 2.32 30.88 23.94 65.49 0.8509 5 14.79 9.15 65.49 34.51
31 24 11.83 2.50 32.75 23.59 61.97 0.8409 3 14.44 9.15 61.97 38.03
32 25 11.01 2.32 30.88 23.94 65.49 0.8515 6 14.79 9.15 65.49 34.51
30 26 11.01 2.31 30.76 23.94 64.79 0.8504 7 14.79 9.15 64.79 35.21
21 27 11.01 2.32 30.88 23.94 65.49 0.8509 7 14.79 9.15 65.49 34.51
28 28 11.01 2.32 30.88 23.94 65.49 0.8509 8 14.79 9.15 65.49 34.51
29 29 11.01 2.32 30.88 23.94 65.49 0.8509 11 14.79 9.15 65.49 34.51
35 30 11.30 2.37 31.35 22.89 65.14 0.8475 16 14.44 8.45 65.14 34.86
14 31 11.99 2.74 34.38 23.24 61.27 0.8382 12 11.97 11.27 38.73 61.27
33 32 37.75 3.39 35.48 26.06 57.04 0.4907 5 6.69 19.37 42.96 57.04
16 33 28.85 3.97 49.72 47.89 88.03 0.6094 11 2.46 45.42 11.97 88.03
10 34 29.67 4.35 55.65 52.46 91.55 0.5997 5 1.06 51.41 8.45 91.55
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summarize the results for the horizontal, pneumatic convey-
ing of solid particles at the incipient motion velocity. The
information in these tables and figures are organized in the
same way as the previous two cases. The model ranking was
obtained using the same method as the previous two cases,
and the results of the model ranking are consistent with the
graphs of the predicted versus experimental velocity (Sup-
porting Information Figures S6 and S7).

For the original models, the highest-ranked model1 has the
largest value of the modified adjusted-R2 statistic, and the
smallest values of EMS,j, EMA,j, and P50%,j compared to
the remaining ranked models (shown in Table 12). After the
third-ranked model, the values of the statistics differ signifi-
cantly, where the remaining ranked models have larger

values of EMS,j and EMA,j, and smaller values of the modified
adjusted-R2 statistic compared to the three highest-ranked
models.1,37,51

Two of the five highest-ranked models1,5 (shown in Table
12) were developed or validated using experimental data for
gas/solid flow. In addition, the Hayden et al.1 model was
developed with the assumption that the particle’s motion is
initiated by lift, which is consistent with the experimenters’
observations for most of the data points for the pneumatic
conveying of particles at the incipient motion velocity. In
observing the remaining ranked mechanistic or semi-mecha-
nistic models, the inclusion of the Stevenson et al.,5 Ibrahim
et al.,50 and Rabinovich and Kalman36 models suggest that
similar to the pneumatic conveying of particles from a bed

Table 12. Statistics of the Ranked Original Models for the Gas Data for the Incipient Motion Velocity

Model Rank
EMS,j

(m2/s2)
EMA,j

(m/s)
EMAP,j

(%)
P50%,j

(%)
max%,j

(%) R2
mod ;adj;j

P150%,j

(%)
P250%,j

(%)
over%,j

(%)
under%,j

(%)

Hayden et al.1 1 4.73 1.62 38.48 25.55 62.04 0.8030 19.71 5.84 37.96 62.04
Ling51 2 5.18 1.73 36.39 30.66 62.04 0.7841 5.11 25.55 37.96 62.04
Rampall and Leighton37 3 7.38 2.13 49.68 40.88 52.55 0.6924 24.82 16.06 52.55 47.45
Ponagandla34 4 10.90 2.42 51.57 40.15 62.77 0.5423 18.98 21.17 37.23 62.77
Stevenson et al.5 5 8.47 2.32 66.18 41.61 68.61 0.6471 37.23 4.38 68.61 31.39
Rabinovich and Kalman19 6 9.21 2.40 63.31 40.88 69.34 0.6159 37.96 2.92 69.34 30.66
Ibrahim et al.50 7 9.75 2.28 46.93 35.77 81.75 0.5966 8.03 27.74 18.25 81.75
Ad�anez et al.24 8 16.53 3.29 84.33 57.66 62.04 0.3159 43.80 13.87 62.04 37.96
Rabinovich and Kalman36 9 15.78 3.18 84.24 50.36 80.29 0.3421 49.64 0.73 80.29 19.71
Almutahar22 (initial approach) 10 23.50 3.94 91.83 71.53 54.01 0.0050 45.99 25.55 54.01 45.99

Table 13. Statistics of the Ranked Model Forms for the Gas Data for the Incipient Motion Velocity

(After Fine-Tuning Process)

Model
Form No. Rank

EMS,j

(m2/s2)
EMA,j

(m/s)
EMAP,j

(%)
P50%,j

(%)
max%,j

(%) R2
mod ;adj;j kj

P150%,j

(%)
P250%,j

(%)
over%,j

(%)
under%,j

(%)

8 1 2.98 1.36 33.31 18.98 51.09 0.8758 9 16.06 2.92 51.09 48.91
25 2 3.29 1.35 34.27 23.36 50.36 0.8619 9 18.98 4.38 50.36 49.64
7 3 3.50 1.45 35.65 25.55 52.55 0.8539 4 21.17 4.38 47.45 52.55
6 4 3.35 1.43 37.45 24.82 51.82 0.8604 4 21.90 2.92 48.18 51.82
4 5 3.35 1.43 37.45 24.82 51.82 0.8604 4 21.90 2.92 48.18 51.82
31 6 3.53 1.46 35.17 25.55 55.47 0.8540 3 20.44 5.11 44.53 55.47
27 7 3.31 1.43 37.36 23.36 53.28 0.8609 6 21.17 2.19 46.72 53.28
5 8 3.68 1.43 37.83 25.55 50.36 0.8476 3 21.90 3.65 50.36 49.64
28 9 3.33 1.40 35.78 27.01 52.55 0.8601 8 22.63 4.38 47.45 52.55
26 10 3.38 1.49 38.17 23.36 53.28 0.8580 5 21.17 2.19 46.72 53.28
2 11 3.46 1.50 38.22 24.09 54.74 0.8567 2 21.17 2.92 45.26 54.74
32 12 3.35 1.49 38.33 24.09 52.55 0.8603 6 21.90 2.19 47.45 52.55
1 13 3.66 1.49 36.74 26.28 54.74 0.8476 2 21.90 4.38 45.26 54.74
3 14 3.46 1.50 38.22 24.09 54.74 0.8556 3 21.17 2.92 45.26 54.74
22 15 3.47 1.49 38.12 24.09 54.74 0.8544 4 21.17 2.92 45.26 54.74
9 16 3.46 1.50 38.48 24.09 54.74 0.8558 4 21.17 2.92 45.26 54.74
23 17 3.53 1.47 37.79 25.55 52.55 0.8517 7 21.90 3.65 47.45 52.55
29 18 3.55 1.45 35.46 25.55 54.01 0.8509 11 21.17 4.38 45.99 54.01
19 19 3.46 1.50 38.22 24.09 54.74 0.8545 5 21.17 2.92 45.26 54.74
20 20 3.46 1.50 38.22 24.09 54.74 0.8545 5 21.17 2.92 45.26 54.74
24 21 3.46 1.50 38.22 24.09 54.74 0.8545 5 21.17 2.92 45.26 54.74
18 22 3.66 1.49 36.73 26.28 55.47 0.8476 4 21.90 4.38 44.53 55.47
11 23 3.40 1.51 38.55 23.36 52.55 0.8583 9 21.17 2.19 47.45 52.55
21 24 3.46 1.50 38.22 24.09 54.74 0.8545 7 21.17 2.92 45.26 54.74
30 25 3.46 1.50 38.22 24.09 54.74 0.8533 7 21.17 2.92 45.26 54.74
13 26 3.48 1.50 38.35 24.82 54.74 0.8548 6 21.90 2.92 45.26 54.74
12 27 3.36 1.48 37.77 24.82 55.47 0.8598 11 21.90 2.92 44.53 55.47
35 28 3.52 1.46 36.04 26.28 53.28 0.8533 16 21.90 4.38 46.72 53.28
17 29 3.48 1.50 38.27 24.82 54.74 0.8550 11 21.90 2.92 45.26 54.74
14 30 3.48 1.50 38.38 25.55 54.74 0.8549 12 22.63 2.92 45.26 54.74
15 31 3.48 1.50 38.24 24.09 55.47 0.8550 36 21.17 2.92 44.53 55.47
16 32 5.15 1.85 42.15 40.15 66.42 0.7835 11 18.25 21.90 33.58 66.42
10 33 7.05 2.21 48.99 49.64 67.15 0.7060 5 13.87 35.77 32.85 67.15
34 34 9.75 2.28 46.93 35.77 81.75 0.5966 33 8.03 27.74 18.25 81.75
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of solids, the effects of the particle’s shape need to be taken
into account for the transport of a particle from the bottom
of the conduit. This observation is consistent with the experi-
mental data, where nearly 50% of the experimental data for
the incipient motion of solids in gases involve non-spherical
particles. With the Hayden et al.,1 Ibrahim et al.,50 and Rabi-
novich and Kalman36 models included among the ranked
models, the adhesion between the particle and the conduit
wall may play a role in the incipient motion of a particle in
addition to the drag force, the lift force, and the apparent
weight of the particle. Similar to the five highest-ranked
original models for the previous two cases, the five highest-
ranked original models for gas flow at the incipient motion
velocity incorporate the hydraulic diameter through

D
dp

� �
,1,5,34 or the conversion from the shear velocity to the

average fluid velocity.37,51

Based on the information in Table 13, among the ranked
fine-tuned model forms, the two highest-ranked model forms
have the smallest values of EMS,j, EMA,j, EMAP,j, P50%,j, and
max%,j, and the largest values of the adjusted-R2 statistic.
The values of the above statistics for the third ranked to the
31st-ranked model forms are very similar to each other. This
observation suggests that after the parameters are fine-tuned,
the model forms produce to very similar estimations.
Because the values of the six statistics are very similar for
the model forms ranked third to 31st, those model forms
with greater number of parameters have lower rankings com-
pared to those with fewer number of parameters.

The results of the parameter fine-tuning for the pneumatic

conveying of solid particles at the incipient motion velocity

show that six of the model forms reduce to the form where

the particle Reynolds number is a function of the Archi-

medes number only, and two of the model forms reduce to

the form where the particle Reynolds number based on the

shear velocity is a function of the Archimedes number only

(shown in Appendix Tables A1 and A2). Here, the number

of models is reduced from 35 to 29 different forms. After

the parameters of Model Form 18 is fine-tuned, the coeffi-

cient for the cohesive force term becomes zero, which is

consistent with the definition of the incipient motion veloc-

ity. However, the coefficients for the adhesive force term

becomes zero after the model parameters are fine-tuned for

three of the model forms that incorporate this term (Model

Forms 13, 14, and 15). This observation implies that

although the adhesive force plays a role in the solids trans-

port mechanism at the incipient motion, as suggested by the

ranking for the original models, the magnitude of the adhe-

sive force is not as large as those of the remaining forces.

These forces include the inertial and viscous forces, and the

apparent weight of the particle.
For the incipient motion of particles in gaseous flow, the

higher-ranked original models and fine-tuned model forms
have forms similar to the models developed by Rampall and
Leighton,37 and Stevenson et al.5 Similar to the results for
the ranking of the original models, the results of the fine-
tuning process suggest that for the pneumatic conveying of
solids from the bottom of conduits, the solids transport
mechanisms differ for particles smaller and larger than the
viscous sublayer thickness, and are dependent on the shape
of the particle. For the ranked original models, all the mod-
els are mechanistic or semi-mechanistic, with the exception
of the Rabinovich and Kalman,19 and the Ad�anez et al.24

models. Most of the experimental data for single particle

motion in pneumatic conveying include lift as a solids trans-
port mechanism,5,16,19,56 which is consistent with the
assumed dominant mechanism in the Hayden et al.,1 Ling,51

Rampall and Leighton,37 Ponagandla,34 Ibrahim et al.,50

Rabinovich and Kalman,36 and Almutahar22 (initial
approach) models. One can also observe that there are exper-
imental data for which the particle’s motion is initiated by
dragging or rolling.5,6,19,54 The models that assume the
above mechanisms to be dominant are included among the
ranked models.5,34,36,50,51 Thus, the model ranking methodol-
ogy is capable of selecting the models that make the proper
assumption regarding the dominant solids transport mecha-
nism given the experimental data.

Similar to the gas/solid case at the pick-up velocity, the
parameters of some of the fine-tuned model forms suggest
that the hydraulic diameter has little effect on the solids
transport velocity. This inconsistency is explained with the
value of 20.10 for the correlation between v and D

dp
for the

gas/solid flow data at the incipient motion velocity. Table 6
shows that the range of the pipe diameter for the gas/solid
flow data at the incipient motion is narrower compared to
the other two experimental data subsets. Thus, the impact of
the hydraulic diameter on the incipient motion velocity can
be better understood if data from experiments comparing a
range of pipe diameters are available.

Conclusions and Future Directions

Forty four different solids transport models are reviewed
to determine the methods used to develop the models and
the experimental data used in their development or valida-
tion. An extensive database that consists of experimental
data at low particle concentrations is compiled. The accuracy
of the models for this database is tested using statistical anal-
ysis. To determine the dominant forces for the low particle
concentration case, the parameters of the 35 identified model
forms were fine-tuned using the compiled database. The
same statistical analysis is applied to compare the perform-
ances of the fine-tuned model forms.

For the original models, the selection of the five highest-
ranked models suggest that the inertial and viscous forces,
the drag and lift forces, and the apparent weight of the parti-
cle affect the motion of the particle in the conduit for the
hydraulic conveying of solids from a bed of particles. For
the pneumatic conveying of particles from a bed of solids,
the results suggest that lift is the dominant solids transport
mechanism, and that models that use different equations
based on the ranges of a dimensionless group (e.g., the
Archimedes number) can better explain the solids transport
phenomena compared to models that use single equations.
Finally, for the pneumatic conveying of a single particle
from the bottom of conduits, the initiation of motion by lift-
ing has been observed in many experimental data points,
while the initiation of motion by dragging or rolling depends
on the particle’s shape. It was also found that the solids
transport mechanisms differ depending on the particle size
relative to the thickness of the viscous sublayer for this case.

The fine-tuning process using the experimental data for
low particle concentrations shows that although there are 35
solids transport model forms in our model database, this
number reduces to 25–29 different forms for the three
above-mentioned cases. Based on the results of the fine-
tuning process, for liquid-mediated transport of particles
from a bed of solids, and gas-mediated transport of particles
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from the bottom of conduits, the inertial and viscous forces,
and apparent weight of the particle are dominant. For gas-
mediated transport of particles from a bed of solids, the
apparent weight of the particle, and the inertial, viscous,
cohesive, and adhesive forces play a role in the solids trans-
port mechanism.

The values of the parameters of the model forms upon
fine-tuning using the experimental data suggest that several
key gaps in the solid transport database exist, particularly for
applications in the petroleum industry. Most notable are the
lack of experimental data in large pipe diameters and high-
density (or high pressure) gases, and the narrow range of vis-
cosities. In addition, there is a lack of experimental data for
the initiation of the motion of solids from the bottom of con-
duits for liquid/solid flow.

In observing the parity plots of the solids transport models
(Supporting Information Figures S2–S7), it can be seen that
there are numerous experimental data where the same solids
transport velocity is predicted when the experimental data
are widely spread. This observation could be due to an
incomplete model. When such experimental data are
checked, one can find spreads in the experimental data for
the same conditions, even if the experiments were ran by the
same experimenter. Therefore, one can suggest that the
experimental uncertainty due to measurement error and/or
definition of solids transport velocity is large, or something
may be missed in the characterization of the experiment.
This uncertainty limits our confidence in the ranking and
selection of the models and, ultimately, in the prediction of
the solids transport velocity, and a better understanding of
the experimental uncertainty is recommended for improving
the state-of-the-art in solids transport analysis.

Based on the scores Sj of each model, shown in Supporting
Information Tables S6, S8, and S10, it is concluded that after
the fine-tuning process, the scores of the model forms can be
nearly equal to each other for a subset of the ranked model
forms. For instance, from Supporting Information Table S6,
the 10th to the 12th-ranked model forms have scores that are
nearly equal to each other; from Supporting Information Table
S8, the 11th and 12th-ranked model forms have scores of
nearly equal values; and from Supporting Information Table
S10, the 19th to the 21st-ranked model forms have scores of
nearly equal values. This suggests that instead of using a serial
ranking, the model ranking can be performed using a cluster
analysis, where models with similar scores are given the same
ranking. In addition, methods for fine-tuning the parameters
that use a combination of the different statistics will be investi-
gated. The uncertainties in the experimental data and the
model predictions will also be estimated to determine the con-
fidence of the model velocity predictions, and in the model
ranking results. These tasks are left as a future study.

Notation

AH = Hamaker constant
B = coefficient used in the Ling51 model
C = particle volumetric concentration

CD = drag coefficient
CD,L = drag and lift coefficient

CD,mult = ratio of the drag coefficient at the corresponding range of
NRe,h to the drag coefficient at NRe,h� 0.5

Cf = wall friction coefficient
Cl = term that accounts for the effects of the particle-wall

interaction and particle diameter
CL = lift coefficient

Cmb = moving bed concentration
CW = solids mass fraction
C1 = constant term used in the Ponagandla34 model
dp = particle diameter
D = pipe diameter
Dl = hydraulic diameter of the liquid stratum for a gas/liquid

stratified flow in a pipe
DR = ratio of the drag forces with the presence of other par-

ticles to those without
D50 = hydraulic diameter of a 50-mm conduit
ED = total energy per unit length of pipe needed to maintain all

of the particles in suspension
EMA,j = mean absolute error of model j

EMA;j = normalized EMA,j

EMAP,j = mean absolute percent error of model j

EMAP;j = normalized EMAP,j

EMS,j = mean squared error of model j

EMS;j = normalized EMS,j

ESS,j = error sum of squares of the velocity predictions made by
model j

ET = turbulent energy per unit length of pipe used in maintain-
ing the particles in suspension

fC = variable that takes into account particle concentration
effects

fF = Fanning friction factor
fS = static friction coefficient
f1 = non-dimensional function that incorporates the effect of

particle-particle interaction
f2 = non-dimensional function that incorporates the effect of

particle shape
f(C, dp) = function used to account for the effect of the particle concen-

tration, the particle-wall interaction, and the particle diameter
F1 = coefficient used in the Ling51 model
F2 = coefficient used in the Ling51 model
F3 = coefficient used in the Ling51 model
FA = adhesive force
FD = drag force
Fef = eddy fluctuation force
FF = frictional force
FI = inertial force
FL = lift force
FN = normal force exerted by a column of particles lying above

the particle of interest
FP = plastic force

Fsed = sedimentation force
Fturb = turbulent velocity fluctuation force

FV = viscous force
FW = apparent weight of the particle in the fluid

g = gravitational acceleration
h = flow depth

H1 = coefficient used in the Ling51 model
H2 = coefficient used in the Ling51 model

i = index used for the data points
j = index used for the solids transport models

kj = number of parameters in model j
kj = normalized kj

kl,j = lth parameter of model j
kS = equivalent roughness height
kV = von Karman constant

k1–36 = parameter, or constant, in the equation of the solids trans-
port model

l = index used for the parameters in a model
le = mean eddy length
lt = turbulent length scale
l0 = length scale used in the Reynolds number and the Froude

number
LD = perpendicular distance from the line of action of the drag

force to the particle’s center of rotation
LL = perpendicular distance from the line of action of the lift

force to the particle’s center of rotation
LW = perpendicular distance from the line of action of the appa-

rent weight to the particle’s center of rotation
L1 = perpendicular distance from the line of action of the appa-

rent weight of the particle to the particle’s center of rotation
L2 = perpendicular distance from the line of action of the nor-

mal force to the particle’s center of rotation
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max%,j = maximum value of the percent of experimental velocity
overestimated or underestimated by model j

max%;j = normalized max%,j

mj = the slope between the predicted and the experimental
velocity for model j

nC = exponent value that accounts for the effect of the presence
of additional particles

nD = coefficient of wall effect on the drag force
nindep,j = number of independent variables incorporated in model j

NAr = Archimedes number NAr5
gd3

pqf qS2qfð Þ
l2

� �
NAr,m = modified Archimedes number that takes into account the

shape of the particle or the friction between the particle
and the pipe wall

Ndata = the number of liquid or gaseous data points in the
database

NFr = Froude number NFr5
mffiffiffiffiffi
gl0
p

� �
NI = dimensionless group used to quantify the lower limit

below which the settling of solid particles to the bottom
of the pipe will occur

Npart = average number of particles lying in a column above the
particle of interest

NRe = pipe Reynolds number NRe5
Dmqf

l

� �
NRe,h = hemispherical Reynolds number NRe;h5

qf Q
dp
2ð Þ

2

l

� �
NRe,l = Reynolds number based on the liquid properties

NRe ;l5
Dmslql

ll

� �
NRe,OT = modified particle Reynolds number used by Oroskar and

Turian17 NRe ;OT5
Dqf gdp

qS
qf

21

� �h i0:5

l

0
B@

1
CA

NRe,p = particle Reynolds number NRe ;p5
dpmqf

l

� �
NRe,p,lift = particle Reynolds number required for particle lift
NRe,p,m = modified particle Reynolds number that takes into account

the effects of the hydraulic diameter of the conduit
NRe,p,roll = particle Reynolds number required for particle roll

NRe,p,S = particle Reynolds number based on the settling velocity of

the particle NRe ;p;S5
dpmSqf

l

� �
NRe,p,0 = particle Reynolds number required to initiate the motion

of a single particle in the absence of additional particles
NRe,p,* = particle Reynolds number based on the shear velocity

NRe ;p;�5
dpm�qf

l

� �
NRe,S = Reynolds number based on the settling velocity of the

particle NRe ;S5
DmSqf

l

� �
NRe,* = Reynolds number based on the shear velocity

NRe ;�5
Dm�qf

l

� �
NSh =

dimensionless Shields parameter NSh5 sW

qS2qfð ÞgD

� �
NShape = dimensionless group that takes into account the effect of

the shape of the particle
NSph = sphericity of the particle

NSt =
Stokes number NSt5

qSd2
p

18l lt
m0ð Þ

� �

over%,j = percent of experimental velocity overestimated by model j
p = constant coefficient for the lift force expression
P = hydraulic gradients due to the particle suspension in the fluid

Pw = hydraulic gradients due to the pure fluid
P50%,j = percent of velocity predictions that lie outside the 650%

lines in the graph of predicted versus experimental veloc-
ity for model j

P50%;j = normalized P50%,j

P150%,j = percent of velocity predictions of model j with values
greater than 1.5vexp,i, for i 5 1, 2, …, Ndata

P250%,j = percent of velocity predictions of model j with values less
than 0.5vexp,i, for i 5 1, 2, …, Ndata

q = constant coefficient for the lift force expression
Q = shear rate within the viscous sublayer

R2
mod;adj;dev ;j = deviation of the modified adjusted-R2 statistic of model j

from unity

R2
mod;adj;dev ;j = normalized R2

mod;adj;dev ;j

R2
mod;adj ;j = modified adjusted-R2 statistic of model j

s = separation distance between the particle and the pipe wall
Sj = score of model j that is used to rank model j based on the

accuracy of its velocity predictions
TSS = total sum of squares of the experimental velocity in the

database
under%,j = percent of experimental velocity underestimated by

model j
v = solids transport velocity

vcalc,i,j = velocity prediction of model j for datum point i
vdrag = fluid velocity required for particle drag
vexp,i = experimental velocity for datum point i

vlift = fluid velocity required for particle lift
vp = particle velocity

vroll = fluid velocity required for particle roll
vS = settling velocity of a particle at its terminal velocity in an

unbounded fluid
vsg = superficial gas velocity
vsl = superficial liquid velocity
v0 = single-particle transport velocity

v0,* = friction velocity for the limiting case of infinite dilution
v50 = solids transport velocity sufficient to transport particles in

a 50-mm conduit
v* = shear, or friction, velocity
v0 = turbulent fluctuation velocity

v0x = turbulent velocity fluctuation component in the direction
perpendicular to v0z and v0y

v0y = turbulent velocity fluctuation component in the vertical
direction

v0z = turbulent velocity fluctuation component in the direction
of the flow

w1 = weight placed in EMS;j to obtain the score of a model
w2 = weight placed in EMA;j to obtain the score of a model
w3 = weight placed in EMAP;j to obtain the score of a model
w4 = weight placed in P50%;j to obtain the score of a model
w5 = weight placed in max%;j to obtain the score of a model

w6 = weight placed in R2
mod;adj;dev ;j to obtain the score of a

model
w7 = weight placed in kj to obtain the score of a model

x = fraction of eddies with velocities exceeding vS (12C)2

y = vertical distance from the bed level
yb = height from the bed level where the area-averaged mean

fluid velocity is equal to the temporal mean velocity at
height y

ymb = height of the moving bed layer
z0 = zero velocity level
a = surface tilting angle

aD = constant term used in the Davies18 model
c = particle cohesion
d = thickness of the laminar sublayer
h = pipe inclination angle from the horizontal

hV = pipe inclination angle from the vertical
j = magnitude of the velocity gradient
k = ratio of vS (12C)2 to v
l = fluid viscosity
ll = liquid viscosity
qf = fluid density
ql = liquid density
qm = slurry density
qS = particle density
sW = shear stress of the fluid flow
sy = yield stress for Bingham plastics
u = angle of repose
X = turbulent dissipation term

Subscripts

calc = calculated
exp = experimental
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Table A2. Parameter Values after Fine-Tuning

Model Form No.
Liquid/Solid Flow—Pick-Up

Velocity Gas/Solid Flow—Pick-Up Velocity
Gas/Solid Flow—Incipient Motion

Velocity

1 k1 5 0.45, k2 5 0.41 k1 5 0.54, k2 5 0.36 k1 5 0.38, k2 5 0.34
2 k1 5 7.90, k2 5 0.41 k1 5 9.02, k2 5 0.37 k1 5 6.82, k2 5 0.34
3 k1 5 7.90, k2 5 0, k3 5 0.41 k1 5 9.02, k2 5 0, k3 5 0.37 k1 5 6.82, k2 5 0, k3 5 0.34
4 k1 5 8.28, k2 5 0.11, k3 5 0, k4 5 0.41 k1 5 37.77, k2 5 0.25, k3 5 0.074,

k4 5 0.39
k1 5 14.48, k2 5 0.14, k3 5 0.036,

k4 5 0.35
5 k1 5 9.35, k2 5 0, k3 5 0.39 k1 5 102.4, k2 5 0.079, k3 5 0.38 k1 5 52.41, k2 5 0.091, k3 5 0.37
6 k1 5 5.52, k2 5 0.56, k3 5 0, k4 5 0.41 k1 5 37.74, k2 5 0.14, k3 5 0.074,

k4 5 0.39
k1 5 14.47, k2 5 0.21, k3 5 0.036,

k4 5 0.35
7 k1 5 0.40, k2 5 0.36, k3 5 0.46,

k4 5 0.40
k1 5 1.02, k2 5 0.35, k3 5 0.40,

k4 5 0.39
k1 5 0.42, k2 5 0.45, k3 5 0.45,

k4 5 0.32
8 k1 5 7.78, k2 5 0, k3 5 0.42,

k4 5 8.96, k5 5 0, k6 5 0.39,
k7 5 12.00, k8 5 0.16, k9 5 0.35

k1 5 11.52, k2 5 0.0045, k3 5 0.21,
k4 5 4.14, k5 5 1.3 3 1025,
k6 5 0.45, k7 5 6.01, k8 5 0,
k9 5 0.42

k1 5 6.34, k2 5 6.8 3 1027,
k3 5 0.40, k4 5 8.51, k5 5 0,
k6 5 0.32, k7 5 0.42, k8 5 0.12,
k9 5 0.50

9 k1 5 7.90, k2 5 0, k3 5 0, k4 5 0.41 k1 5 9.02, k2 5 0, k3 5 0, k4 5 0.37 k1 5 7.56, k2 5 0.030, k3 5 0,
k4 5 0.33

10 k1 5 3.95, k2 5 0, k3 5 0.41,
k4 5 1.50, k5 5 0.41

k1 5 0.81, k2 5 0.42, k3 5 0.58,
k4 5 0, k5 5 0.55

k1 5 0.87, k2 5 0.38, k3 5 0.57,
k4 5 0, k5 5 0.47

11 k1 5 2.19, k2 5 0, k3 5 0.66,
k4 5 1.65, k5 5 1.46, k6 5 0.44,
k7 5 3.74, k8 5 0.96, k9 5 0.41

k1 5 3.69, k2 5 0, k3 5 0.76,
k4 5 3.17, k5 5 0.25, k6 5 0.44,
k7 5 0.88, k8 5 2.03, k9 5 0.28

k1 5 1.07, k2 5 0, k3 5 0.15,
k4 5 8.10, k5 5 1.30, k6 5 0.32,
k7 5 5.66, k8 5 1.44, k9 5 0.36

12 k1 5 0.56, k2 5 0, k3 5 0.61,
k4 5 8.04, k5 5 0, k6 5 0.41,
k7 5 16.62, k8 5 0.93, k9 5 21.71,
k10 5 2.05, k11 5 0.38

k1 5 2.74, k2 5 0, k3 5 0.75,
k4 5 1.71, k5 5 0.99, k6 5 0.44,
k7 5 12.15, k8 5 0, k9 5 1.81,
k10 5 2.27, k11 5 0.33

k1 5 0.35, k2 5 0, k3 5 0.40,
k4 5 7.95, k5 5 0, k6 5 0.32,
k7 5 16.80, k8 5 0.45,
k9 5 21.41, k10 5 1.11,
k11 5 0.42

13 k1 5 0.17, k2 5 3.23, k3 5 0.97,
k4 5 9.5 3 1027, k5 5 0.47,
k6 5 0.51

k1 5 0, k2 5 6647, k3 5 2.71, k4 5 6.4
3 1024, k5 5 3.91, k6 5 0.16

k1 5 0, k2 5 1.7 3 107, k3 5 2.90,
k4 5 0.15, k5 5 0, k6 5 0.12

14 k1 5 0.045, k2 5 82.42, k3 5 0.97,
k4 5 0, k5 5 1.00, k6 5 0.42,
k7 5 1.26, k8 5 0.43, k9 5 0.35,
k10 5 1.50, k11 5 1.00, k12 5 0.55

k1 5 0.12, k2 5 82.42, k3 5 0.99,
k4 5 1.1 3 1024, k5 5 1.04,
k6 5 0.34, k7 5 1.17, k8 5 0.52,
k9 5 0.47, k10 5 1.50, k11 5 0.99,
k12 5 0.51

k1 5 0, k2 5 4.5 3 107, k3 5 3.05,
k4 5 0.50, k5 5 0, k6 5 0.11,
k7 5 0.23, k8 5 0.70, k9 5 0.98,
k10 5 0.24, k11 5 0.53,
k12 5 0.14

15 k1 5 0.56, k2 5 0.058, k3 5 0.76,
k4 5 0.37, k5 5 0.40, k6 5 0.58,
k7 5 0.21, k8 5 0.33, k9 5 0.10,
k10 5 0.59, k11 5 0.17, k12 5 0.93,
k13 5 0.10, k14 5 0.44, k15 5 0.27,
k16 5 0.87, k17 5 0.75, k18 5 0.27,
k19 5 0.67, k20 5 0.26, k21 5 0.090,
k22 5 0.031, k23 5 0.32, k24 5 0.79,
k25 5 0.30, k26 5 0.23, k27 5 0.48,
k28 5 0.25, k29 5 0.36, k30 5 0.053,
k31 5 0.48, k32 5 0.16, k33 5 0.88,
k34 5 0.59, k35 5 0.33, k36 5 0.81

k1 5 3.17, k2 5 0, k3 5 0.14,
k4 5 0.33, k5 5 0.80, k6 5 0.56,
k7 5 0.90, k8 5 0.24, k9 5 0.70,
k10 5 0.83, k11 5 0.087, k12 5 0.82,
k13 5 0.81, k14 5 0.20, k15 5 0.10,
k16 5 0.25, k17 5 0, k18 5 0.62,
k19 5 0.22, k20 5 1.03, k21 5 1.09,
k22 5 0.085, k23 5 0.40, k24 5 0.71,
k25 5 0.31, k26 5 0.093,
k27 5 0.0033, k28 5 0.96,
k29 5 0.73, k30 5 0.43, k31 5 0.46,
k32 5 0.46, k33 5 0.86, k34 5 0.41,
k35 5 0.71, k36 5 0.38

k1 5 0.33, k2 5 0.41, k3 5 0.15,
k4 5 0.62, k5 5 0.10, k6 5 0.21,
k7 5 0.62, k8 5 0.55, k9 5 0.24,
k10 5 1.02, k11 5 0.47,
k12 5 0.0023, k13 5 0.41,
k14 5 0, k15 5 0.64, k16 5 0.042,
k17 5 0, k18 5 1.59, k19 5 3.38,
k20 5 60.09, k21 5 0.11,
k22 5 0.18, k23 5 0, k24 5 3.08,
k25 5 0.87, k26 5 0.58,
k27 5 0.73, k28 5 0.15,
k29 5 0.26, k30 5 0.028,
k31 5 0.83, k32 5 0.78,
k33 5 0.79, k34 5 0.33,
k35 5 0.45, k36 5 0.61

16 k1 5 1.16, k2 5 0.50, k3 5 0.50,
k4 5 0.50, k5 5 0.50, k6 5 0.32,
k7 5 1.00, k8 5 0.65, k9 5 1.00,
k10 5 0.50, k11 5 0.50

k1 5 1.16, k2 5 0.50, k3 5 0.50,
k4 5 0.50, k5 5 0.50, k6 5 0.31,
k7 5 0.99, k8 5 0.65, k9 5 1.00,
k10 5 0.48, k11 5 0.49

k1 5 1.13, k2 5 0.50, k3 5 0.28,
k4 5 0.39, k5 5 0.47, k6 5 0,
k7 5 0.92, k8 5 0.64, k9 5 0.96,
k10 5 0.44, k11 5 0.42

17 k1 5 0, k2 5 0, k3 5 2.08, k4 5 0.23,
k5 5 0, k6 5 1.56, k7 5 0.77, k8 5 0,
k9 5 1.31, k10 5 0.92, k11 5 0.12

k1 5 1.08, k2 5 0, k3 5 1.32,
k4 5 0.22, k5 5 0.51, k6 5 2.22,
k7 5 0.37, k8 5 0, k9 5 0.65,
k10 5 0.52, k11 5 0

k1 5 0.93, k2 5 0, k3 5 0,
k4 5 0.24, k5 5 0.021, k6 5 1.26,
k7 5 0.30, k8 5 0, k9 5 0.73,
k10 5 0.87, k11 5 1.01

18 k1 5 0.45, k2 5 0.41, k3 5 0, k4 5 0.75 k1 5 0.24, k2 5 0.43, k3 5 0.044,
k4 5 0.23

k1 5 0.38, k2 5 0.34, k3 5 0,
k4 5 0.46

19 k1 5 7.90, k2 5 0, k3 5 0.25, k4 5 0,
k5 5 0.41

k1 5 10.22, k2 5 0.0090, k3 5 0.15,
k4 5 0, k5 5 0.37

k1 5 7.51, k2 5 0.0069, k3 5 0.20,
k4 5 0, k5 5 0.34

20 k1 5 7.90, k2 5 1.14, k3 5 0, k4 5 0,
k5 5 0.41

k1 5 9.02, k2 5 1.17, k3 5 3.3 3

1024, k4 5 0, k5 5 0.37
k1 5 6.82, k2 5 1.14, k3 5 0,

k4 5 0, k5 5 0.34
21 k1 5 2.37, k2 5 2.12, k3 5 3.64,

k4 5 1.60, k5 5 0.55, k6 5 0,
k7 5 0.41

k1 5 2.77, k2 5 1.63, k3 5 3.64,
k4 5 2.41, k5 5 0.56, k6 5 0,
k7 5 0.37

k1 5 2.50, k2 5 1.88, k3 5 3.64,
k4 5 1.60, k5 5 0.55, k6 5 0,
k7 5 0.34

22 k1 5 7.90, k2 5 0.63, k3 5 0, k4 5 0.41 k1 5 9.02, k2 5 0, k3 5 0, k4 5 0.37 k1 5 6.71, k2 5 0, k3 5 1.5 3 1024,
k4 5 0.34

23 k1 5 1.7 3 1024, k2 5 0.41,
k3 5 0.40, k4 5 1.00, k5 5 0.50,
k6 5 0.70, k7 5 1.49

k1 5 1.19, k2 5 0, k3 5 51.75, k4 5 4.0
3 1024, k5 5 0, k6 5 0.29,
k7 5 0.46

k1 5 4.33, k2 5 0, k3 5 51.74,
k4 5 2.8 3 1026, k5 5 0.0012,
k6 5 0.065, k7 5 0.36
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Table A2. Continued

Model Form No.
Liquid/Solid Flow—Pick-Up

Velocity Gas/Solid Flow—Pick-Up Velocity
Gas/Solid Flow—Incipient Motion

Velocity

24 k1 5 7.90, k2 5 0, k3 5 0, k4 5 0,
k5 5 0.41

k1 5 9.02, k2 5 0, k3 5 0, k4 5 0,
k5 5 0.37

k1 5 6.82, k2 5 0, k3 5 0, k4 5 0,
k5 5 0.34

25 k1 5 0.51, k2 5 0.24, k3 5 0,
k4 5 0.40, k5 5 0, k6 5 0.87,
k7 5 0.65, k8 5 0.19, k9 5 0.55

k1 5 1.15, k2 5 0.13, k3 5 0,
k4 5 0.14, k5 5 0.33, k6 5 1.8 3

1025, k7 5 0.072, k8 5 0, k9 5 0.45

k1 5 1.84, k2 5 0.21, k3 5 0,
k4 5 0.33, k5 5 0.096, k6 5 1.43,
k7 5 0, k8 5 0.53, k9 5 1.44

26 k1 5 8.06, k2 5 2.6 3 1025,
k3 5 0.0035, k4 5 0, k5 5 0.41

k1 5 8.39, k2 5 0, k3 5 0, k4 5 0.0092,
k5 5 0.37

k1 5 10.62, k2 5 0, k3 5 0.087,
k4 5 0, k5 5 0.29

27 k1 5 8.28, k2 5 0, k3 5 0, k4 5 0.11,
k5 5 0, k6 5 0.41

k1 5 20.97, k2 5 0, k3 5 0, k4 5 0.22,
k5 5 0.12, k6 5 0.40

k1 5 16.04, k2 5 0, k3 5 0.089,
k4 5 0.13, k5 5 0.037, k6 5 0.29

28 k1 5 7.94, k2 5 2.28, k3 5 1.00,
k4 5 3.64, k5 5 1.40, k6 5 0, k7 5 0,
k8 5 0.41

k1 5 7.58, k2 5 2.28, k3 5 1.20,
k4 5 3.64, k5 5 0.96, k6 5 0, k7 5 0,
k8 5 0.37

k1 5 7.56, k2 5 2.28, k3 5 0.99,
k4 5 3.64, k5 5 1.03, k6 5 0.18,
k7 5 0, k8 5 0.43

29 k1 5 2.58, k2 5 0, k3 5 0.36,
k4 5 0.13, k5 5 0.13, k6 5 0.43,
k7 5 3.33, k8 5 0, k9 5 0.36,
k10 5 0.089, k11 5 0.45

k1 5 0, k2 5 1.49, k3 5 0.89,
k4 5 0.42, k5 5 0.52, k6 5 0.69,
k7 5 12.36, k8 5 0.023, k9 5 0.16,
k10 5 0, k11 5 0.37

k1 5 1.90, k2 5 0.020, k3 5 0.34,
k4 5 0.29, k5 5 0.18, k6 5 0.48,
k7 5 2.17, k8 5 0, k9 5 0.36,
k10 5 0.15, k11 5 0.38

30 k1 5 12.85, k2 5 3.7 3 1026, k3 5 0,
k4 5 0.028, k5 5 0.084, k6 5 0,
k7 5 0.38

k1 5 8.98, k2 5 0, k3 5 0.66,
k4 5 0.95, k5 5 3.9 3 1025,
k6 5 2.0 3 1025, k7 5 0.37

k1 5 7.25, k2 5 0.0044, k3 5 0.20,
k4 5 0.0083, k5 5 0, k6 5 0,
k7 5 0.34

31 k1 5 0.61, k2 5 8.6 3 1024, k3 5 0.59 k1 5 0.21, k2 5 0.024, k3 5 0.54 k1 5 0.061, k2 5 0.33, k3 5 0.49
32 k1 5 7.91, k2 5 0, k3 5 0.45,

k4 5 8.50, k5 5 2.0 3 1024,
k6 5 0.40

k1 5 11.69, k2 5 0, k3 5 0.35,
k4 5 9.02, k5 5 0, k6 5 0.37

k1 5 12.11, k2 5 0.056, k3 5 0.32,
k4 5 8.92, k5 5 0.051, k6 5 0.45

33 k1 5 9.68, k2 5 16.78, k3 5 10.28,
k4 5 1.47, k5 5 1.48

k1 5 10.70, k2 5 15.40, k3 5 10.57,
k4 5 2.96, k5 5 1.02

k1 5 10.45, k2 5 15.40, k3 5 10.90,
k4 5 3.03, k5 5 0.52

34 k1 5 0.0041, k2 5 1.00, k3 5 0.0092,
k4 5 1.00, k5 5 0.53, k6 5 53.33,
k7 5 0.019, k8 5 0.062, k9 5 1.00,
k10 5 0.24, k11 5 1.00, k12 5 0.52,
k13 5 1.00, k14 5 56.90,
k15 5 0.019, k16 5 1.00,
k17 5 0.019, k18 5 1.00, k19 5 1.87,
k20 5 5.07, k21 5 7.2 3 10212,
k22 5 0.33, k23 5 0.019, k24 5 1.00,
k25 5 0.019, k26 5 1.00, k27 5 1.87,
k28 5 7.2 3 10212, k29 5 0.33,
k30 5 0.021, k31 5 1.00,
k32 5 0.047, k33 5 1.00

k1 5 0.0041, k2 5 1.00, k3 5 0.0092,
k4 5 1.00, k5 5 0.53, k6 5 53.33,
k7 5 0.019, k8 5 0.062, k9 5 1.00,
k10 5 0.24, k11 5 1.00, k12 5 0.52,
k13 5 1.00, k14 5 56.90,
k15 5 0.019, k16 5 1.00,
k17 5 0.019, k18 5 1.00, k19 5 1.87,
k20 5 5.07, k21 5 7.2 3 10212,
k22 5 0.33, k23 5 0.019, k24 5 1.00,
k25 5 0.019, k26 5 1.00, k27 5 1.87,
k28 5 7.2 3 10212, k29 5 0.33,
k30 5 0.021, k31 5 1.00,
k32 5 0.047, k33 5 1.00

k1 5 0.0041, k2 5 1.00,
k3 5 0.0092, k4 5 1.00,
k5 5 0.53, k6 5 53.33,
k7 5 0.019, k8 5 0.062,
k9 5 1.00, k10 5 0.24,
k11 5 1.00, k12 5 0.52,
k13 5 1.00, k14 5 56.90,
k15 5 0.019, k16 5 1.00,
k17 5 0.019, k18 5 1.00,
k19 5 1.87, k20 5 5.07, k21 5 7.2
3 10212, k22 5 0.33,
k23 5 0.019, k24 5 1.00,
k25 5 0.019, k26 5 1.00,
k27 5 1.87, k28 5 7.2 3 10212,
k29 5 0.33, k30 5 0.021,
k31 5 1.00, k32 5 0.047,
k33 5 1.00

35 k1 5 0.45, k2 5 0.97, k3 5 0.91,
k4 5 13.39, k5 5 8.7 3 1024,
k6 5 0.41, k7 5 0.76, k8 5 1.01,
k9 5 0.93, k10 5 1.00, k11 5 1.00,
k12 5 1.00, k13 5 2.00, k14 5 1.00,
k15 5 0.43, k16 5 0.65

k1 5 0.54, k2 5 0.84, k3 5 0.95,
k4 5 13.34, k5 5 0, k6 5 0.36,
k7 5 0.74, k8 5 1.00, k9 5 0.96,
k10 5 1.00, k11 5 1.00, k12 5 1.00,
k13 5 2.00, k14 5 1.00, k15 5 0.42,
k16 5 0.67

k1 5 1.30, k2 5 3.52, k3 5 0.86,
k4 5 11.70, k5 5 0.49, k6 5 0.41,
k7 5 0.31, k8 5 0, k9 5 1.11,
k10 5 1.68, k11 5 2.50,
k12 5 1.06, k13 5 2.55,
k14 5 1.08, k15 5 0.24,
k16 5 0.49
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